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Abstract 

Purpose: To develop and evaluate a data-driven multi-reference registration strategy for left-ventricular motion tracking in three-

dimensional echocardiography, using an intrinsic low-dimensional cardiac trajectory to determine the temporal placement of local 

registration references. 

Materials and Methods: Twelve healthy-volunteer three-dimensional echocardiographic sequences from a publicly available 

myocardial-tracking benchmark were analyzed. We evaluated six low-dimensional representation methods (PCA, t-SNE, Diffusion 

Maps, LLE, UMAP, and Isomap) in standard and time-embedded forms using geometric and physiologically relevant criteria. Four 

reference frames were automatically extracted from the resulting two-dimensional trajectories. Time-embedded PCA and Diffusion 

Maps produced identical four-reference sets for all analyzed cases and therefore resulted in the same proposed registration 

configuration. We compared five primary registration configurations—single-reference, sequential frame-to-frame, the proposed 

manifold-guided multi-reference strategy, a partial B-Spline–Fourier (BSF) implementation, and a Fixed Four-Reference 

Control—using landmark-based Target Registration Error (TRE) in millimeters. We also evaluated an additional Two-Reference 

Control (K=2) that retained only the initial ED and principal internal references as a reference-number sensitivity analysis. 

Results: For both time-embedded PCA and Diffusion Maps, the automatically selected principal internal reference coincided with 

the expert-defined end-systolic (ES) frame in 10 of 12 cases and differed by one frame in the remaining two cases. The proposed 

strategy achieved mean-cycle, ES-frame, and final-frame TRE values of 6.8 ± 1.6 mm, 11.5 ± 2.7 mm, and 4.0 ± 1.2 mm, 

respectively. For mean-cycle TRE, Strategy 3 showed a median paired reduction of 0.99 mm relative to the Fixed Four-Reference 

Control [95% CI: 0.94–1.08; |r_rb|=0.91; p_Holm=0.033]. At ES, the corresponding reduction relative to the Fixed Four-Reference 

Control was 2.000 mm [1.945–2.055; |r_rb|=1.000; p_Holm=0.021]. The K=2 control showed no significant mean-cycle difference 

from the other configurations, but Strategy 3 reduced ES-frame TRE relative to K=2 by 1.265 mm [0.304–2.445; |r_rb|=0.909; 

p_Holm=0.029] and final-frame TRE by 1.156 mm [0.483–2.142; |r_rb|=1.000; p_Holm=0.029]. No statistically significant final-

frame difference was detected between Strategy 3 and the Fixed Four-Reference Control. 

Conclusion: Within this benchmark of 12 healthy-volunteer sequences, the findings support the internal technical 

feasibility of using the intrinsic low-dimensional organization of a cardiac image sequence for data-driven reference-

frame placement within a multi-reference registration architecture. Time-embedded PCA and Diffusion Maps produced 

identical reference configurations, indicating no additional reference-selection benefit from the more computationally 

demanding Diffusion Maps representation in the present benchmark. The K=2 sensitivity analysis showed phase-

specific effects of removing the intermediate references, while the absence of a significant mean-cycle difference 

prevents interpretation of K=4 as uniformly superior or empirically optimal. Independent validation in larger and 

clinically heterogeneous datasets is required before broader generalization. 

Keywords: 3 Dimentional Echocardiography; Left Ventricular Motion; Image Registration; Manifold Learning; 

Myocardial Tracking. 
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1. Introduction  

Cardiovascular diseases (CVDs) remain the leading 

cause of mortality worldwide and account for a 

substantial proportion of global deaths [1]. In this 

context, assessment of left ventricular (LV) function, 

particularly regional wall motion, provides important 

information about myocardial mechanics, and 

abnormalities in regional wall motion are among the 

major indicators used in the evaluation of ischemic 

heart disease [2,3]. Echocardiography is one of the 

most widely used cardiac imaging modalities because 

it is noninvasive, relatively inexpensive, broadly 

accessible, and provides high temporal resolution 

[2,4]. Three-dimensional echocardiography also 

enables evaluation of LV geometry and motion with 

less dependence on the geometric assumptions 

inherent to two-dimensional imaging [2,4]. 

Nevertheless, clinical assessment of wall motion still 

relies predominantly on visual interpretation and 

qualitative classification of myocardial regions into 

categories such as normal, hypokinetic, akinetic, or 

dyskinetic [2,5]. This type of assessment is dependent 

on observer experience and is affected by both 

interobserver and intraobserver variability [6]. In 

addition, speckle, noise, and ultrasound artifacts can 

make the delineation of boundaries and the 

identification of subtle motion patterns more difficult 

[7,8]. These inherent limitations of echocardiographic 

imaging have also been specifically documented in the 

literature [7,8]. Therefore, the development of 

automated and quantitative methods for myocardial 

motion tracking may improve the objectivity, 

accuracy, and reproducibility of regional LV 

functional assessment. 

Quantification of myocardial motion and 

deformation requires tracking cardiac tissue 

throughout the cardiac cycle so that parameters such 

as strain and strain rate can be derived from the 

resulting displacement field [9,10]. This task is 

challenging in echocardiography because cardiac 

motion is nonrigid, multidirectional, and time-

dependent, while variable image quality, speckle, and 

artifacts further complicate tissue correspondence 

between frames [9,11,12]. Speckle-tracking methods 

have been widely used for this purpose, but their 

performance depends on image quality, frame rate, 

and the persistence of speckle patterns, and two-

dimensional methods are additionally limited by out-

of-plane motion [11–14]. The EACVI/ASE standard 

also specifically defines strain and strain rate within 

the framework of deformation imaging and speckle 

tracking [9]. In contrast, image registration provides a 

framework for estimating spatial transformations 

between images and thereby extracting dense 

displacement fields that can be used for myocardial 

motion and deformation analysis [15–17]. Nonrigid 

and spatiotemporal registration models are 

particularly suitable for representing complex cardiac 

motion, although their accuracy remains affected by 

noise, artifacts, intensity variation, and the magnitude 

of deformation between images [12,15–17]. 

In addition to the deformation model and similarity 

metric, the temporal organization of the registration 

process also influences motion-estimation accuracy. 

Two fundamental strategies are single-reference 

registration and sequential frame-to-frame registration 

[15,18,19]. In the former, end-diastole (ED) is 

typically selected as the reference frame, and all 

subsequent frames are directly registered to it. This 

strategy avoids stepwise error accumulation and 

expresses all motion fields within a common 

coordinate system; however, as the target frame 

becomes temporally and structurally farther from ED, 

the magnitude of deformation increases and structural 

similarity decreases, making registration more 

difficult, particularly around end-systole (ES) [18,19]. 

In the sequential approach, each frame is registered to 

an adjacent frame, and the overall displacement is 

obtained through composition of successive 

transformations [15,19]. The smaller deformation 

between neighboring frames may simplify pairwise 

registration, but errors introduced at each step can 

propagate to subsequent transformations and, as the 

transformation chain becomes longer, may lead to 

temporal drift [15,19]. Therefore, these two strategies 

create a fundamental trade-off: single-reference 

registration avoids error propagation but must handle 

large deformations, whereas sequential registration 

deals with smaller local deformations but is 

susceptible to cumulative error. 

Hybrid strategies have also been proposed to 

combine the advantages of these two approaches. 

Wiputra et al. proposed a spatiotemporal B-spline-

Fourier (BSF) framework in which information from 

sequential registration of adjacent frames (Eulerian) 
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and direct registration to the initial frame (Lagrangian) 

is combined using a time-dependent weighting 

function [20]. The resulting trajectory is then 

regularized using Fourier bases in the temporal 

dimension and B-splines in the spatial dimension to 

account for continuity and periodicity of cardiac 

motion [20]. Although this framework combines two 

sources of motion information after pairwise 

registration, it does not directly address the problem of 

selecting multiple appropriate reference frames 

distributed across different phases of the cardiac cycle. 

Related studies have demonstrated the potential of 

low-dimensional representations and multi-reference 

formulations for cardiac motion analysis and tracking. 

Yang et al. [21] employed motion-manifold learning 

in 3D echocardiography to generate motion priors for 

one-step-forward prediction of LV motion, thereby 

incorporating learned cardiac dynamics directly into 

the tracking process. Rohé et al. [22] introduced 

Barycentric Subspaces as a low-dimensional multi-

reference representation of cardiac motion, using 

multiple reference images to overcome limitations 

associated with describing the entire cardiac cycle 

relative to a single reference frame and incorporating 

the resulting subspace as a prior for cardiac motion 

registration. Gifani et al. [24] used a low-dimensional 

echocardiographic trajectory derived using LLE to 

identify ED and ES in two-dimensional 

echocardiography, demonstrating that cardiac phase 

information can be represented in a compact image-

derived trajectory. These studies highlight the 

potential of low-dimensional cardiac representations 

for motion analysis and cardiac-state identification. 

The present study extends this concept to volumetric 

3D echocardiography and to a different downstream 

objective: the low-dimensional representation is not 

incorporated into the pairwise registration algorithm 

as a motion prior, but is instead used to determine the 

temporal locations of multiple local registration 

references. 

Accordingly, the present study proposes a 

manifold-guided multi-reference registration strategy 

for LV motion tracking in 3D echocardiography. The 

framework uses the intrinsic low-dimensional 

trajectory of each cardiac sequence to identify 

temporally and structurally distinct reference states. 

The sequence is then partitioned into locally 

referenced temporal intervals, and the resulting 

displacement fields are composed into a common end-

diastolic coordinate system while retaining the same 

underlying pairwise registration algorithm. The 

proposed strategy is evaluated against conventional 

single-reference, sequential, partial BSF, and fixed 

four-reference registration configurations using 

landmark-based tracking error on a public 3D 

echocardiography benchmark. The central 

methodological question is therefore whether intrinsic 

image-derived trajectory information can provide 

useful data-driven placement of a limited set of local 

registration references. 

Each 3D echocardiographic cardiac cycle consists 

of a sequence of three-dimensional volumes and can 

therefore be regarded as a set of observations in a very 

high-dimensional space. Organized variation within 

such high-dimensional data can often be represented 

in an intrinsic lower-dimensional space [23–27]. The 

term low-dimensional representation is used 

collectively in the present study to avoid implying that 

the proposed framework requires a specifically 

nonlinear mapping. In the broader dimensionality-

reduction literature, manifold-learning formulations 

have been described, including both linear and 

nonlinear approaches, with PCA representing a 

canonical linear case [25]. Six commonly used low-

dimensional representation methods were therefore 

compared in the present study. Their role was to 

provide alternative two-dimensional trajectories from 

which the same deterministic reference-selection rule 

could identify cardiac states, rather than to establish 

superiority of a particular linear or nonlinear class. 

The specific methodological contribution is the use of 

the intrinsic low-dimensional trajectory of an 

individual 3D echocardiographic sequence to guide 

reference-frame placement and temporally partition 

the registration problem into locally referenced 

intervals. Accordingly, the principal contribution lies 

in data-driven reference-frame organization rather 

than in the use of a particular dimensionality-reduction 

algorithm. 

2. Materials and Methods  

2.1. Study Overview 

The study framework consisted of four stages: 

preparation of the 3D echocardiographic data and 
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landmark trajectories, extraction of low-dimensional 

representations, automatic identification of reference 

frames, and comparison of registration strategies. Data 

were obtained from the publicly available 

Benchmarking Framework for Myocardial Tracking 

and Deformation Algorithms [28]. This benchmark is 

a peer-reviewed database published in Medical Image 

Analysis and was developed for validation of cardiac 

motion-tracking algorithms [28]. Different low-

dimensional representation methods were 

implemented in both standard and time-embedded 

forms and were evaluated using geometric and 

physiological criteria. Four reference frames were 

then extracted from the resulting trajectories, and the 

principal internal reference was evaluated against the 

available expert-defined ES annotation. In the final 

stage, five primary configurations—single-reference 

registration, sequential frame-to-frame registration, 

the proposed manifold-guided multi-reference 

strategy, a partial BSF implementation, and a Fixed 

Four-Reference Control—were compared in terms of 

tracking accuracy. An additional Two-Reference 

Control (K=2) was evaluated as a reference-number 

sensitivity analysis. All data preparation, 

dimensionality-reduction algorithms, reference-frame 

extraction procedures, registration strategies, and 

quantitative analyses were implemented and executed 

in MATLAB R2022b (MathWorks, Natick, MA, 

USA). 

2.2. Dataset 

Three-dimensional echocardiographic data were 

obtained from the publicly available myocardial-

tracking benchmark [28]. The original database 

contains MR and 3D ultrasound data from a dynamic 

phantom and 15 healthy volunteers, comprising a total 

of 1,158 image volumes [28]. The 3D ultrasound data 

were acquired using an iE33 system (Philips 

Healthcare, Best, The Netherlands) equipped with an 

X3-1 matrix-array transducer in full-volume 

acquisition mode. Only the 3D ultrasound modality 

was used in the present study. Prior to any 

dimensionality-reduction analysis, reference-frame 

extraction, image registration, or tracking-error 

evaluation, all downloaded sequences were inspected 

for temporal completeness. In the version of the 

benchmark data available to us, benchmark Cases 7, 8, 

and 9 contained incomplete temporal data and did not 

provide a complete ED-to-ED cardiac cycle. This 

exclusion was not predefined by the original 

benchmark; rather, these cases were identified as non-

analyzable during our initial data-completeness 

assessment. Because a complete cardiac cycle was 

required by the temporal analysis pipeline, these three 

cases were excluded, and the remaining 12 cases 

constituted the analyzable dataset from the outset. No 

case was excluded on the basis of low-dimensional 

representation characteristics, reference-frame 

selection, registration performance, TRE, or any other 

study outcome. Attempts were made to obtain the 

missing temporal data for the incomplete sequences, 

but complete versions could not be retrieved. Each 

included case consisted of a temporal sequence of 

three-dimensional LV volumes. 

The motion ground truth in the benchmark was 

defined using 12 landmarks distributed over four LV 

walls at three ventricular levels. These landmarks were 

manually tracked throughout the entire cardiac cycle 

by two observers in 3D tagged MRI and were 

subsequently transformed into the 3D ultrasound 

coordinate system using a point-based similarity 

transformation [28]. Because the temporal sampling of 

the landmark trajectories differed from that of the 

corresponding ultrasound sequences, the landmark 

coordinates were temporally resampled using cubic 

spline interpolation to match the number of ultrasound 

frames. These transformed and temporally matched 

landmark coordinates were used as ground truth for 

tracking evaluation in the present study. The 

benchmark data covered the whole cardiac cycle [28]. 

In the present analysis, each sequence was therefore 

treated as an ED-to-ED cardiac cycle, with the first 

frame representing the initial end-diastolic state and 

the end of the sequence representing completion of the 

cycle and return to end-diastole. Accordingly, the final 

frame was physiologically interpreted as the end-

diastolic state completing the analyzed cardiac cycle. 

This frame was defined by the temporal endpoint of 

the sequence and was not independently detected by 

the proposed manifold-based algorithm. 

The reconstructed 3D ultrasound volumes were 

analyzed in the form provided by the benchmark. No 

additional spatial resampling, cropping, intensity 

normalization, or myocardial masking was applied to 

the ultrasound images before low-dimensional 

analysis or image registration. Apart from the 
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temporal resampling of landmark coordinates 

described above, no temporal preprocessing was 

applied to the ultrasound image sequences. Spatial 

voxel dimensions were retained and were 

subsequently used to convert landmark-coordinate 

differences to physical TRE values in millimeters. All 

low-dimensional representation construction, 

reference selection, and registration operations were 

performed independently within each subject's cardiac 

sequence; voxel intensities were not compared across 

subjects, and no registration was performed between 

independently acquired subjects or examinations. 

2.3. Standard and Time-Embedded 

Representations 

Each three-dimensional volume was initially 

vectorized and treated as a high-dimensional 

observation, denoted by xₜ for frame t. In addition to 

this standard representation, a two-frame time-delay 

embedding with a one-frame delay was constructed to 

explicitly incorporate local temporal information into 

the feature representation. For each frame, the time-

embedded observation was defined as zₜ = [xₜ, xₜ₊₁]. 

Because the analyzed sequences represented complete 

cardiac cycles, circular boundary handling was 

applied, with the final embedded observation defined 

as zT = [xT, x₁]. The idea of reconstructing the 

structure of a dynamical system from delayed 

observations originates from delay-coordinate 

embedding theory [29]. By incorporating the 

immediate temporal evolution of each cardiac state, 

this representation was expected to improve the 

organization of the cardiac-cycle trajectory and 

facilitate separation of morphologically similar states 

occurring during different phases of the cycle, 

particularly contraction and relaxation. Both the 

standard and time-embedded representations were 

then mapped to a two-dimensional space, and the 

embedded points were connected according to their 

temporal order to form the cardiac-cycle trajectory. 

2.4. Low-Dimensional Representation 

Methods 

Six commonly used low-dimensional 

representation methods were evaluated: PCA, t-SNE, 

Diffusion Maps, LLE, UMAP, and Isomap. These 

methods were treated as alternative mappings of each 

high-dimensional cardiac image sequence into a two-

dimensional trajectory. The comparison was intended 

to assess the dependence of subsequent reference-

frame selection on the representation method rather 

than to establish superiority of a particular class of 

dimensionality-reduction techniques. The same 

deterministic reference-selection procedure was 

subsequently applied to every representation. PCA 

provides a linear low-dimensional representation by 

projecting the observations onto orthogonal directions 

that account for maximal variance [30]. Because of its 

computational simplicity, deterministic solution, and 

direct geometric interpretation, PCA was included as 

a representative linear approach rather than solely as a 

baseline. 

t-SNE is a nonlinear method designed to preserve 

local neighborhoods by modeling similarities between 

points as probability distributions in the original and 

low-dimensional spaces and minimizing their 

Kullback-Leibler divergence [31]. The original study 

by van der Maaten and Hinton specifically introduced 

this approach for visualization of high-dimensional 

data in two or three dimensions [31]. 

Diffusion Maps construct a similarity graph and 

define a Markov diffusion process to recover the 

intrinsic geometry of the data through the eigenvectors 

of the diffusion operator [32,33]. The resulting 

diffusion distance allows the geometric organization 

of the data to be characterized at multiple scales 

[32,33]. 

LLE reconstructs each sample as a linear 

combination of its nearest neighbors and determines a 

low-dimensional embedding that preserves these local 

relationships [34]. The original study by Roweis and 

Saul explicitly introduced LLE as an unsupervised, 

neighborhood-preserving method for nonlinear 

dimensionality reduction [34]. 

UMAP is a manifold-learning method based on 

concepts from Riemannian geometry and algebraic 

topology that generates a low-dimensional embedding 

by constructing a fuzzy representation of 

neighborhood relationships and optimizing the 

corresponding structure in the target space [35]. The 

method was designed for visualization and 

dimensionality reduction of high-dimensional data, 

and its original description emphasizes both 
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scalability and preservation of meaningful data 

structure [35]. 

Isomap constructs a neighborhood graph, computes 

shortest paths, and applies classical multidimensional 

scaling to approximate geodesic distances on the 

manifold [36]. The original study by Tenenbaum et al. 

introduced Isomap specifically for recovering the 

global geometry of nonlinear low-dimensional 

structures [36]. Graph connectivity was evaluated 

prior to embedding, and the number of neighbors was 

increased when necessary to obtain a connected graph. 

Computational execution time was additionally 

evaluated for all six dimensionality-reduction methods 

in both standard and time-embedded representations. 

Each method was executed 20 times for each of the 12 

analyzed cases under the same computational 

environment, and execution time was summarized as 

mean ± standard deviation across the repeated runs 

and cases. Timing was applied to the dimensionality-

reduction computation using the already prepared 

standard or time-embedded input representation; 

construction of the time-delay representation itself 

was not included in the measured execution time. 

Because each time-embedded observation 

concatenated two consecutive volumetric 

observations, its input feature dimensionality was 

approximately twice that of the corresponding 

standard representation. All timing experiments were 

performed in MATLAB R2022b on a Windows 11 

computer equipped with an Intel Core i3 processor and 

8 GB of RAM. 

2.5. Evaluation of Low-Dimensional 

Representations 

Embedding quality was evaluated using four 

geometric metrics and two measures related to 

physiological variation. Trustworthiness quantifies the 

extent to which neighborhoods formed in the low-

dimensional space correspond to true neighborhoods 

in the original space, whereas Continuity measures the 

extent to which neighborhoods present in the original 

space remain preserved after dimensionality 

reduction; for both measures, values closer to one are 

preferable [37,38]. Kruskal Stress was used to 

quantify distortion of pairwise distances, with lower 

values indicating better preservation of the original 

distance structure [39]. Shepard-Spearman correlation 

was also used to evaluate preservation of the relative 

ordering of pairwise distances between the original 

and embedded spaces [37–39]. 

To obtain a physiologically related scalar descriptor 

of temporal variation in landmark geometry, a 

landmark-derived surrogate volume was calculated 

independently from the 12 three-dimensional 

landmark trajectories of each observer. The landmark 

coordinate trajectories were first temporally smoothed 

using a five-frame Savitzky–Golay filter. At each 

frame, a three-dimensional convex hull was then 

constructed from the landmark configuration, and the 

enclosed volume was calculated by decomposing the 

hull into tetrahedra formed between each triangular 

hull face and the arithmetic mean of the landmark 

coordinates. This quantity was interpreted as a 

landmark-based geometric surrogate of relative LV 

volumetric variation rather than as a direct or 

segmentation-based measurement of LV cavity 

volume. The five-frame Savitzky–Golay smoothing 

described here was applied only to the landmark 

trajectories used to calculate the surrogate-volume 

profile and was not applied to the ultrasound volumes 

or to the landmark trajectories used for TRE 

calculation. 

V(t) = (1/6) Σₖ |(aₖ(t) - c(t)) · [(bₖ(t) - c(t)) × (dₖ(t) - c(t))]| 

where aₖ(t), bₖ(t), and dₖ(t) are the vertices of the k-

th triangular face of the convex hull at frame t, c(t) is 

the arithmetic mean of the landmark coordinates, and 

the summation is taken over all triangular faces of the 

hull. To quantify correspondence between the two-

dimensional low-dimensional trajectory and the 

landmark-derived surrogate-volume profile, Pearson 

correlation coefficients were calculated separately 

between the surrogate volume V and each low-

dimensional coordinate, Y₁ and Y₂. The reported 

measure was rmax = max(|r(V,Y₁)|, |r(V,Y₂)|). The 

maximum absolute coordinate-wise correlation was 

used because the two latent coordinates were 

unlabeled and their signs were arbitrary; thus, volume-

related variation could appear predominantly along 

either coordinate and with either sign. The locations of 

ED and ES, trajectory continuity, and representation 

of the contraction and relaxation trajectories were also 

qualitatively assessed. 
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2.6. Reference-Frame Extraction 

After the generation of the two-dimensional 

trajectory, four reference frames were extracted using 

a fixed, deterministic distance-based procedure. The 

first reference was the initial ED frame, R₁ = 1, and the 

terminal frame T represented the subsequent ED state 

completing the cardiac cycle. For embedded points y_t 

in the two-dimensional low-dimensional space, the 

Euclidean distance between frames i and j was defined 

as d(i,j) = ||y_i − y_j||₂. 

The principal internal reference R₃ was selected 

from frames between the two ED endpoints as the 

point with the greatest combined distance from the 

initial and terminal ED states: R₃ = arg max [d(t,1) + 

d(t,T)], for 1 < t < T. The intermediate contraction 

reference was then selected only from frames 

temporally between the initial ED and R₃ according to 

R₂ = arg max [d(t, R₁) + d(t, R₃)], for 1 < t < R₃. 

Similarly, the intermediate relaxation reference was 

selected only from frames between R₃ and the terminal 

ED according to R₄ = arg max [d(t, R₃) + d(t, T)], for 

R₃ < t < T. This staged, phase-constrained procedure 

was designed to identify structurally separated 

reference states while preserving their temporal order 

within the cardiac cycle. 

The reference-selection procedure was designed to 

identify structurally distinct states from the geometry 

of the low-dimensional cardiac trajectory rather than 

to directly detect a predefined physiological phase. 

The same distance-based criterion was applied to all 

candidate representations without using the expert-

defined ES frame or its temporal location as an input 

to the algorithm. Thus, the principal internal reference 

was determined solely from its geometric separation 

from the initial and terminal ED states in the 

corresponding low-dimensional representation. 

Because independent ground-truth annotations 

were not available for the two intermediate contraction 

and relaxation references, their selection accuracy 

could not be directly quantified. In contrast, the 

benchmark provided an expert-defined ES frame for 

each case. ES therefore provided an independently 

annotated and physiologically interpretable cardiac 

state against which the principal internal reference 

selected from the low-dimensional geometry could be 

evaluated. For each candidate representation, the ES 

identification error was defined as the absolute frame 

difference |R₃ − FES|, where FES denotes the expert-

defined ES frame. The expert-defined ES annotations 

were not supplied to the reference-selection procedure 

and did not affect its deterministic distance-based 

criterion or parameters. After reference extraction, 

however, agreement with expert-defined ES was used 

as one measure of physiological construct validity and, 

together with the other representation-quality 

measures, contributed to assessment of the candidate 

representations. 

The six dimensionality-reduction techniques were 

treated as alternative within-sequence representations 

rather than population-level predictive models. Each 

representation was constructed independently for each 

cardiac sequence, and no parameters were learned 

across subjects. Registration TRE was not used to 

select or tune a dimensionality-reduction 

representation. The candidate representations and 

final registration experiment were nevertheless 

examined within the same 12-case cohort, and no 

independent training/validation split was used for the 

representation-assessment stage. Time-embedded 

PCA and Diffusion Maps ultimately produced 

identical complete four-reference configurations in all 

analyzed cases; consequently, the final Strategy 3 

registration input, displacement-field composition, 

and TRE were invariant to the choice between these 

two representations. 

The four-reference configuration was fixed as an 

architectural design choice before the TRE-based 

registration comparison, based on the physiological 

organization of the cardiac cycle and the qualitative 

geometry observed in the low-dimensional trajectories 

rather than on optimization of registration error. The 

trajectories showed an outbound contraction branch 

extending from the initial ED state toward a 

geometrically distant internal state, followed by a 

return relaxation branch toward the terminal ED state. 

Particularly in the time-embedded PCA and Diffusion 

Maps representations, the outbound and return paths 

were not simply coincident linear trajectories, 

indicating that intermediate states on the contraction 

and relaxation branches could provide distinct local 

reference information. 

Within this two-branch architecture, K=4 was 

selected as the smallest symmetric configuration 

containing the initial ED reference, the principal 

internal reference, one intermediate contraction 

PROOF



Manifold-Guided LV Motion Tracking  

XX  FBT, Vol. 13, No. 4 (Autumn 2026) XX-XX 

reference, and one intermediate relaxation reference. 

To assess sensitivity to reducing the number of 

references without changing the basic physiological 

interpretation of the architecture, an additional K=2 

configuration was evaluated by retaining R₁ and R₃ 

and simultaneously removing R₂ and R₄. This 

provided a nested reduction in which both branch-

specific intermediate references were removed 

together. A K=3 configuration was not included 

because there is no unique structurally symmetric 

three-reference counterpart of the present two-branch 

design. Once the initial ED and principal internal 

references are retained, a third internal reference must 

preferentially represent either the contraction or 

relaxation branch, or a different reference-selection 

rule must be introduced. Such a comparison would 

therefore alter both reference number and architectural 

structure. Accordingly, the K=2 analysis was used as 

the interpretable reduced-reference sensitivity test, 

and no claim is made that K=4 is empirically or 

universally optimal. 

2.7. Registration Strategies 

Five primary registration configurations were 

compared using the same underlying pairwise 

registration framework, and an additional Two-

Reference Control (K=2) was evaluated as a 

sensitivity analysis. The principal differences among 

configurations were the temporal organization, 

reference-frame selection, and composition of the 

resulting displacement fields. All pairwise 

registrations were performed using the same intensity-

based nonrigid Demons registration algorithm [40,41], 

such that differences in tracking performance 

primarily reflected the temporal organization of 

registration rather than differences in the pairwise 

registration method. For each image pair, a dense 

three-dimensional displacement field was estimated 

using a multiresolution Demons framework with three 

pyramid levels and 100 iterations at each resolution 

level. Diffusion-like regularization was applied by 

Gaussian smoothing of the accumulated displacement 

field at each iteration, using a standard deviation of 

1.0, which was maintained across all pyramid levels. 

These registration parameters were kept identical for 

all evaluated configurations. All computational 

analyses were performed in MATLAB R2022b 

(MathWorks, Natick, MA, USA). 

2.7.1. Single-Reference Registration — Strategy 

1 

The initial ED frame was selected as the only 

reference, and all subsequent frames were directly 

registered to it: 

Φ₀→ₜ = Registration(I₀, Iₜ) (1) 

This strategy does not involve stepwise propagation 

of registration error, although registration of frames 

with large deformation relative to ED can be more 

challenging. 

2.7.2. Sequential Frame-to-Frame Registration 

— Strategy 2 

Each frame was registered to the immediately 

preceding frame, and the overall transformation 

relative to the initial frame was obtained through 

composition of successive transformations: 

Φ₀→ₜ = Φₜ₋₁→ₜ ∘ ··· ∘ Φ₀→₁ (2) 

Although pairwise registration in this strategy is 

performed between more similar adjacent frames, 

errors introduced at individual steps may accumulate 

along the transformation chain [15,19]. 

2.7.3. Proposed Hybrid Multi-Reference 

Strategy — Strategy 3 

The cardiac cycle was divided into four intervals 

using four manifold-derived reference frames: R₁, 

corresponding to the initial ED; R₂, representing an 

intermediate contraction state; R₃, representing the 

principal internal reference identified from manifold 

geometry and subsequently evaluated against the 

expert-defined ES frame; and R₄, representing an 

intermediate relaxation state. Each frame was 

registered only to its corresponding local reference, 

and the final transformation was calculated as:  

Φ₀→ₜ = Φ_Rq→t ∘ Φ₀→Rq (3) 

When necessary, the transformation of a reference 

frame relative to the initial ED was obtained from the 

short chain of transformations between consecutive 

reference frames: 
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Φ₀→Rq = Φ_Rq−1→Rq ∘ ··· ∘ Φ_R1→R2 (4) 

Displacement fields were composed as spatial 

transformations rather than by simple vector addition. 

If: 

Φ(x) = x + u(x) (5) 

Then; 

(Φ_B ∘ Φ_A)(x) = x + u_A(x) + u_B[x + 

u_A(x)] 
(6) 

2.7.4. Partial B-Spline–Fourier (BSF) 

Implementation — Strategy 4 

As an additional hybrid comparison strategy, a 

partial implementation of the B-spline–Fourier (BSF) 

framework proposed by Wiputra et al. [20] was 

evaluated. The implemented stages combined the 

Eulerian displacement field derived from registration 

between consecutive frames with the Lagrangian 

displacement field obtained from direct registration to 

the initial frame using the time-dependent weighting 

formulation described in the original framework. In 

the forward-marching scheme, 

Xᵗ⁺¹_march = w(t)[Xᵗ_march + dXₜ→ₜ₊₁] + [1 − 

w(t)][X⁰ + dX₀→ₜ₊₁] 
(7) 

Where; 

w(t) = ((P − t)t)/(P/2)² (8) 

is the time-dependent weighting function, and P 

denotes the length of the cardiac cycle [20]. The 

resulting trajectory was subsequently modeled using 

Fourier bases in the temporal dimension: 

Xᵗ_BSF = Σᶠ₌₀ᴺ F_f cos(2πft/P) + F_{f+N+1} 

sin(2πft/P) 
(9) 

and spatial variation of the Fourier coefficients was 

represented using cubic B-splines [20]. The final 

consistency-correction stage of the original BSF 

framework was intentionally not applied in the present 

comparison. This stage represents a post-processing 

refinement applied after estimation of the primary 

motion trajectory and, in principle, analogous 

consistency-refinement procedures could also be 

applied to displacement fields obtained from the other 

registration strategies evaluated here. The objective of 

the present comparison was to isolate differences 

arising from the core temporal registration 

architectures and reference-selection/composition 

strategies. Applying an additional consistency-

correction stage only to the BSF configuration would 

therefore introduce a post-processing advantage not 

shared by the other methods. For this reason, the 

correction stage was omitted to maintain a more 

comparable evaluation of the underlying strategies. 

Accordingly, Strategy 4 is designated throughout this 

study as a partial BSF implementation, and its results 

should not be interpreted as representing the 

performance of the complete BSF pipeline. 

2.7.5. Fixed Four-Reference Control 

To isolate the contribution of manifold-guided 

reference selection from the effect of using four 

reference frames, an additional control configuration 

was evaluated using the same multi-reference 

registration architecture, the same pairwise Demons 

registration settings, and the same displacement-field 

composition procedure as Strategy 3. In this control, 

however, the four reference frames were selected 

without manifold information at approximately 0%, 

25%, 50%, and 75% of the cardiac cycle. For a 

sequence containing T frames, the q-th fixed reference 

was defined as Rfixed (q) = 1 + round [(q - 1) (T - 

1)/4], for q = 1, 2, 3, 4. 

No expert-defined ES information or manifold-

derived information was used to determine these fixed 

reference locations. This Fixed Four-Reference 

Control therefore preserved the number of reference 

frames and the registration architecture of the 

proposed strategy while removing the manifold-

guided reference-selection component. 

2.7.6. Two-Reference Control (K=2) 

To provide a nested sensitivity analysis of reference 

number within the proposed two-branch architecture, 

an additional Two-Reference Control (K=2) was 

evaluated. This configuration retained the initial ED 

reference (R₁) and the principal internal reference (R₃), 

while the intermediate contraction and relaxation 

references (R₂ and R₄) were removed. The same 

pairwise Demons registration parameters, local-
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reference interval logic, and displacement-field 

composition procedures used for Strategy 3 were 

retained. The K=2 control was therefore intended as 

an ablation of the two branch-specific intermediate 

references rather than as an independently optimized 

registration strategy. 

2.8. Tracking Evaluation 

The estimated position of landmark p at time t was 

obtained by applying the estimated transformation to 

its initial position: 

x̂ₚ,ₜ = Φ₀→ₜ(xₚ,₀) (10) 

The estimated landmark positions and 

corresponding ground-truth coordinates were 

represented in the 3D ultrasound voxel coordinate 

system. Before the calculation of tracking error, 

coordinate differences along each spatial dimension 

were converted to physical distances using the 

corresponding voxel spacing of each ultrasound 

sequence. If sx, sy, and sz denote the voxel dimensions 

in millimeters along the x, y, and z directions, 

respectively, and Δx, Δy, and Δz denote the 

corresponding voxel-coordinate differences between 

estimated and ground-truth landmark positions, the 

physical Target Registration Error for landmark p at 

frame t was calculated as: 

TREₚ,ₜ(mm) = √[(sxΔxₚ,ₜ)² + (syΔyₚ,ₜ)² + 

(szΔzₚ,ₜ)²] 
(11) 

All TRE values reported in this study are therefore 

expressed in millimeters. Three metrics were 

extracted: mean-cycle TRE over the complete cardiac 

cycle, end-systolic (ES)-frame TRE evaluated at the 

expert-defined ES frame, and final-frame TRE. The 

first metric represented overall tracking performance, 

the second assessed tracking at the physiologically 

defined ES state, and the third evaluated tracking at 

the terminal end-diastolic frame completing the 

analyzed cardiac cycle. 

2.9. Statistical Analysis 

Because the six evaluated registration 

configurations were assessed on the same 12 cases and 

the assumption of normality was not satisfied, 

nonparametric procedures were used for inferential 

comparisons. Given the relatively small sample size, 

descriptive TRE results were summarized using both 

mean ± standard deviation and median [interquartile 

range, Q1–Q3]. Overall differences among 

configurations were assessed using the Friedman test 

at a significance level of α=0.05. When the Friedman 

test was significant, paired comparisons were 

performed using the Wilcoxon signed-rank test, and 

the resulting p-values were adjusted for multiple 

comparisons using the Holm procedure. All pairwise 

p-values reported in the manuscript and figures 

therefore represent Holm-adjusted values (p_Holm). 

To complement statistical significance with estimates 

of effect magnitude and uncertainty, statistically 

significant paired comparisons were additionally 

characterized using the median paired difference in 

TRE and the matched-pairs rank-biserial correlation 

(r_rb). Ninety-five percent confidence intervals for 

both measures were estimated using percentile 

bootstrap resampling of the paired cases. Paired 

differences were calculated as the first-listed 

configuration minus the second-listed configuration; 

consequently, positive values indicate greater TRE for 

the first-listed configuration and negative values 

indicate lower TRE. 

3. Results 

3.1. Qualitative Analysis of the Low-

Dimensional Representations 

Two-dimensional representations generated by all 

low-dimensional representation methods in both 

standard and time-embedded forms were evaluated for 

all 12 cases, and the corresponding trajectories for the 

complete analyzed dataset are provided in 

Supplementary Figures S1–S12. According to the 

predefined qualitative criteria, a desirable embedding 

was expected to produce an organized trajectory in 

which the ED states at the beginning and the end of the 

cardiac cycle were located near each other, ES 

occupied a distinct region, and the intermediate frames 

followed a continuous path. Qualitative evaluation 

showed that PCA and Diffusion Maps, particularly in 

their time-embedded forms, generated organized and 

stable trajectories across the different cases. Diffusion 

Maps generally produced an approximately closed 

loop in which the two ED states were located close 
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together, and ES occupied a distinct region of the loop. 

In contrast, PCA generated a curved outbound-and-

return trajectory extending from ED to ES and 

subsequently returning toward the final ED state. The 

contraction and relaxation branches did not 

completely overlap, and a clear hysteresis was 

observed between them. This characteristic was more 

evident in the time-embedded representations. Thus, 

although the qualitative geometry of the time-

embedded PCA and Diffusion Maps trajectories 

differed, both provided suitable trajectory 

organization for subsequent reference-frame 

extraction. 

Figure 1 shows an illustrative example of the 

embeddings generated for Case 12 of the benchmark 

dataset. This case was selected for visualization 

because the resulting trajectories could be clearly 

displayed across the different dimensionality-

reduction methods; it was not selected on the basis of 

superior quantitative embedding metrics or superior 

reference-frame identification performance. The first 

row presents the standard version of each method, 

whereas the second row presents the corresponding 

time-embedded representation, with each column 

representing a different dimensionality-reduction 

algorithm. To avoid relying on a single illustrative 

example, Supplementary Figures S1–S12 present the 

corresponding trajectories for all 12 analyzed cases 

and all evaluated methods in both standard and time-

embedded forms, with the principal cardiac-state 

markers shown as defined in the main manuscript. 

3.2. Quantitative Evaluation of the Low-

Dimensional Representations 

Figure 2A–F summarizes the results of four 

geometric metrics and two metrics based on the 

landmark-derived surrogate volume. For 

Trustworthiness (Figure 2A), Isomap achieved high 

values in both the standard and time-embedded forms, 

with time-embedded Isomap showing the highest 

overall value, whereas time-embedded PCA exhibited 

the lowest mean performance. For Continuity (Fig. 

2B), Isomap again showed the best overall 

performance, particularly in its time-embedded form, 

whereas time-embedded PCA had the lowest mean 

value, although individual lower values were also 

observed for LLE and UMAP in some cases. 

For Kruskal Stress (Figure 2C), both standard and 

time-embedded PCA showed distinctly lower values 

than the other methods. For Shepard–Spearman 

correlation (Figure 2D), PCA and Isomap, in both 

standard and time-embedded forms, showed better 

results with relatively limited dispersion. 

 

Figure 1. Illustrative two-dimensional cardiac trajectories for Case 12 of the 3D echocardiographic benchmark. 

The upper row shows the standard representations and the lower row shows the corresponding time-embedded 

representations for the six dimensionality-reduction methods. Points follow the temporal order of the cardiac 

cycle, and highlighted markers indicate the principal cardiac states used for interpretation and reference-frame 

selection. The displayed case was selected for visualization clarity rather than on the basis of superior 

quantitative performance 
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Figures 2E and 2F show the association between the 

embedding and changes in the landmark-derived 

surrogate volume for the annotations of the two 

observers. The results obtained from the two observers 

were highly similar. Nearly all low-dimensional 

representation methods showed a considerable 

association with this physiological surrogate, and with 

the exception of t-SNE, correlation coefficients were 

generally above approximately 0.7 for most methods. 

Therefore, despite differences among the methods in 

terms of geometric criteria, most embeddings showed 

a strong relationship with the physiologically relevant 

changes represented by this surrogate measure. 

Execution-time analysis showed that time-

embedded PCA required 0.460 ± 0.144 s per 

execution, whereas time-embedded Diffusion Maps 

required 1.091 ± 0.461 s. Thus, Diffusion Maps 

required approximately 2.37 times the execution time 

of PCA for the time-embedded representation, despite 

the two methods producing identical four-reference 

configurations in all analyzed cases. For the standard 

representations, the corresponding execution times 

were 0.217 ± 0.071 s for PCA and 0.518 ± 0.231 s for 

Diffusion Maps. Execution times for all six evaluated 

dimensionality-reduction methods in both 

representation forms are provided in Supplementary 

Table S2. 

3.3. Reference-Frame Identification 

Figure 3 shows the absolute frame-wise difference 

between the principal internal reference selected by 

the distance-based algorithm and the expert-defined 

ES frame. Time-embedded PCA and time-embedded 

Diffusion Maps produced identical reference-frame 

selections across the analyzed cases. For both 

methods, the selected principal internal reference 

coincided with the expert-defined ES frame in 10 of 

the 12 cases; in the remaining two cases, the selected 

reference differed from the expert annotation by one 

frame. Thus, the ES-based validation did not 

distinguish time-embedded PCA from time-embedded 

Diffusion Maps in terms of reference-selection 

performance. The expert-defined ES annotations were 

not inputs to the reference-selection algorithm and 

were not used to modify its deterministic distance 

criterion or parameters. After reference extraction, 

however, agreement with the expert-defined ES frame 

was used as one of the criteria for evaluating the 

candidate representations and, together with the other 

embedding-quality measures, contributed to selecting 

 

Figure 2. Quantitative evaluation of the low-dimensional representation methods in standard and time-

embedded representations. (A) Trustworthiness; higher values are preferable. (B) Continuity; higher values are 

preferable. (C) Kruskal Stress; lower values indicate less global distance distortion. (D) Shepard–Spearman 

correlation; higher values indicate better preservation of the rank ordering of pairwise distances. (E) Maximum 

absolute correlation between low-dimensional coordinates and the landmark-derived surrogate-volume profile 

for Observer 1. (F) Corresponding correlation for Observer 2. Box plots summarize the 12 analyzed cases 
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the representations carried forward to registration. 

Case-by-case numerical results, including the expert-

defined ES frame, the automatically selected principal 

internal reference R₃, and the corresponding absolute 

ES identification error for all evaluated 

dimensionality-reduction methods in both standard 

and time-embedded forms, are provided in 

Supplementary Table S1. 

Importantly, time-embedded PCA and time-

embedded Diffusion Maps also produced identical 

sets of all four reference frames in every analyzed 

case, including the initial ED, intermediate 

contraction, principal internal, and intermediate 

relaxation references. Therefore, despite their 

different qualitative trajectory geometries, the two 

representations were indistinguishable in terms of the 

reference images ultimately supplied to the multi-

reference registration framework. Because the 

complete four-reference sets were identical case by 

case, the downstream registration experiment 

contained no representation-dependent choice 

between time-embedded PCA and Diffusion Maps: 

either representation generated the same Strategy 3 

input, displacement-field composition, and 

registration outcome. Because no independent 

annotations were available for the intermediate 

contraction and relaxation states, their selection 

accuracy could not be quantitatively evaluated against 

ground truth. 

3.4. Comparison of Registration 

Configurations and K=2 Sensitivity Analysis 

The primary quantitative comparison of the five 

registration configurations, together with the Two-

Reference Control (K=2) sensitivity analysis, is 

summarized in Table 1. Corresponding case-wise 

distributions and pairwise statistical comparisons are 

shown in Figure 4, and paired effect estimates for 

statistically significant comparisons are reported in 

Table 2. Strategy 1 corresponds to single-reference 

registration to the initial ED frame; Strategy 2 

corresponds to sequential frame-to-frame registration;  

 

Figure 3. Absolute error, expressed in frames, between the automatically selected principal internal reference and 

the expert-defined end-systolic (ES) frame for each dimensionality-reduction method in standard and time-

embedded forms. Lower values indicate closer agreement with the expert-defined ES annotation 
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Table 1. Target Registration Error (TRE) for the evaluated registration configurations. Values are reported as mean ± 

standard deviation followed by median [first quartile–third quartile] across the 12 analyzed cases and are expressed in 

millimeters. Mean-cycle TRE represents tracking performance across the complete cardiac cycle, ES-frame TRE 

represents error at the expert-defined end-systolic frame, and final-frame TRE represents error at the terminal end-

diastolic frame completing the analyzed cardiac cycle 

Registration Configuration 
Mean-cycle TRE 

(mm) 

ES-frame TRE 

(mm) 

Final-frame TRE 

(mm) 

Strategy 1 – Single-reference registration 
7.3 ± 1.4 

7.2 [6.5–8.0] 

12.5 ± 2.8 

12.3 [11.0–14.4] 

4.4 ± 1.4 

4.1 [3.6–5.0] 

Strategy 2 – Sequential frame-to-frame 

registration 

8.1 ± 1.1 

8.1 [7.5–8.6] 

13.1 ± 2.5 

13.1 [12.1–14.2] 

6.1 ± 1.8 

5.8 [5.0–7.2] 

Strategy 3 – Proposed manifold-guided 

multi-reference 

6.8 ± 1.6 

7.0 [5.7–7.7] 

11.5 ± 2.7 

12.5 [9.5–12.8] 

4.0 ± 1.2 

3.9 [3.3–4.4] 

Strategy 4 – Partial BSF implementation 
7.3 ± 1.4 

7.2 [6.7–7.9] 

12.7 ± 2.6 

12.4 [11.4–14.1] 

5.1 ± 1.5 

5.4 [4.2–5.8] 

Fixed Four-Reference Control 
7.7 ± 1.7 

8.1 [6.7–8.7] 

13.6 ± 2.8 

14.5 [11.4–14.9] 

4.0 ± 1.2 

3.9 [3.3–4.3] 

Two-Reference Control (K=2) 
7.3 ± 1.4 

7.2 [6.4–8.0] 

12.5 ± 2.8 

12.3 [11.0–14.4] 

5.1 ± 1.1 

5.5 [4.2–5.7] 

 
Table 2. Paired effect-size estimates, 95% confidence intervals, and Holm-adjusted statistical comparisons for statistically 

significant Target Registration Error (TRE) comparisons. Paired differences are calculated as the first-listed configuration 

minus the second-listed configuration. Ninety-five percent confidence intervals were estimated using percentile bootstrap 

resampling of paired cases. r_rb, matched-pairs rank-biserial correlation; p_Holm, Holm-adjusted Wilcoxon signed-rank 

p-value 

Metric / Comparison 
Median paired 

difference, mm [95%CI] 
r_rb [95% CI] p_Holm 

Mean-cycle TRE — Friedman p<0.001 

Strategy 1 − Strategy 2 −0.564 [−1.190, −0.221] −1.000 [−1.000, −1.000] 0.006 

Strategy 1 − Strategy 3 +0.461 [+0.014, +1.091] +0.758 [+0.273, +1.000] 0.049 

Strategy 2 − Strategy 3 +1.454 [+0.235, +2.318] +1.000 [+1.000, +1.000] 0.016 

Strategy 2 − Strategy 4 +0.535 [+0.316, +1.149] +0.970 [+0.818, +1.000] 0.010 

Strategy 3 − Fixed Four-

Reference 
−0.99 [−1.08, −0.94] −0.91 [−1.00, −0.55] 0.033 

ES-frame TRE — Friedman p=0.006 

Strategy 1 − Strategy 3 +1.265 [+0.304, +2.445] +0.909 [+0.636, +1.000] 0.029 

Strategy 2 − Strategy 3 +2.515 [+0.0003, +2.858] +0.956 [+0.714, +1.000] 0.031 

Strategy 3 − Fixed Four-

Reference 
−2.000 [−2.055, −1.945] −1.000 [−1.000, −1.000] 0.021 

Strategy 3 − Two-

Reference Control (K=2) 
−1.265 [−2.445, −0.304] −0.909 [−1.000, −0.576] 0.029 

Final-frame TRE — Friedman p<0.001 

Strategy 1 − Strategy 2 −1.333 [−1.879, −0.738] −1.000 [−1.000, −1.000] 0.006 

Strategy 1 − Strategy 4 −0.600 [−0.846, −0.332] −1.000 [−1.000, −1.000] 0.006 

Strategy 2 − Strategy 3 +2.025 [+0.777, +3.918] +1.000 [+1.000, +1.000] 0.012 

Strategy 2 − Strategy 4 +0.733 [+0.406, +1.033] +1.000 [+1.000, +1.000] 0.006 

Strategy 3 − Strategy 4 −1.487 [−2.019, −0.371] −0.818 [−1.000, −0.364] 0.027 

Strategy 2 − Fixed Four-

Reference 
+2.087 [+0.805, +3.880] +1.000 [+1.000, +1.000] 0.012 

Strategy 4 − Fixed Four-

Reference 
+1.390 [+0.399, +2.038] +0.848 [+0.455, +1.000] 0.027 

Strategy 1 − Two-

Reference Control (K=2) 
−0.666 [−1.798, −0.119] −0.848 [−1.000, −0.455] 0.009 

Strategy 3 − Two-

Reference Control (K=2) 
−1.156 [−2.142, −0.483] −1.000 [−1.000, −1.000] 0.029 

Fixed Four-Reference 

Control − Two-Reference 

Control (K=2) 

−1.228 [−2.104, −0.511] −1.000 [−1.000, −1.000] 0.029 
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Strategy 3 corresponds to the proposed manifold-

guided multi-reference strategy; Strategy 4 

corresponds to the partial BSF implementation based 

on Wiputra et al. [20]; the Fixed Four-Reference 

Control uses predetermined temporal references; and 

the K=2 control retains only R₁ and R₃. Because time-

embedded PCA and Diffusion Maps yielded identical 

four-reference sets in every analyzed case, the 

Strategy 3 registration configuration was identical for 

the two representations. The Friedman test 

demonstrated significant overall differences among 

the six evaluated configurations for mean-cycle TRE 

(p<0.001), ES-frame TRE (p=0.006), and final-frame 

TRE (p<0.001). All pairwise p-values shown in Figure 

4 are Holm-adjusted (p_Holm). 

For mean-cycle TRE (Figure 4A), Strategy 3 showed 

the lowest mean error (6.8 ± 1.6 mm; median 7.0 [5.7–

7.7] mm). Relative to Strategy 1, Strategy 3 reduced 

TRE by a median paired difference of 0.461 mm [95% 

CI: 0.014–1.091], with r_rb=0.758 [0.273–1.000] 

(p_Holm=0.049). Relative to sequential registration, 

the corresponding reduction was 1.454 mm [0.235–

2.318], with complete directional consistency of the 

paired ranks (r_rb=1.000 [1.000–1.000]; 

p_Holm=0.016). Strategy 1 also showed lower mean-

cycle TRE than sequential registration by 0.564 mm 

[0.221–1.190] (|r_rb|=1.000; p_Holm=0.006), while 

the partial BSF implementation showed a 0.535-mm 

lower median paired TRE than sequential registration 

[0.316–1.149] (|r_rb|=0.970 [0.818–1.000]; 

p_Holm=0.010). Importantly, Strategy 3 showed a 

median paired mean-cycle TRE reduction of 0.99 mm 

relative to the Fixed Four-Reference Control [0.94–

1.08], with a strong directional effect (|r_rb|=0.91 

[0.55–1.00]; p_Holm=0.033). The K=2 control 

yielded 7.3 ± 1.4 mm, with a median of 7.2 [6.4–8.0] 

mm, and none of its mean-cycle pairwise comparisons 

reached statistical significance. This non-significant 

result is not interpreted as evidence of equivalence in 

the present 12-case cohort. 

For ES-frame TRE (Figure 4B), Strategy 3 again 

showed the lowest mean error (11.5 ± 2.7 mm). 

Relative to Strategy 1, Strategy 3 reduced TRE by a 

median paired difference of 1.265 mm [0.304–2.445], 

with r_rb=0.909 [0.636–1.000] (p_Holm=0.029). 

Relative to sequential registration, the median paired 

reduction was 2.515 mm [0.0003–2.858], with 

r_rb=0.956 [0.714–1.000] (p_Holm=0.031). Strategy 

3 also showed a 2.000-mm lower median paired TRE 

than the Fixed Four-Reference Control [1.945–2.055], 

with complete directional consistency (|r_rb|=1.000; 

p_Holm=0.021). The K=2 control yielded 12.5 ± 2.8 

mm, with a median of 12.3 [11.0–14.4] mm. Strategy 

3 reduced ES-frame TRE relative to K=2 by a median 

of 1.265 mm [0.304–2.445], with |r_rb|=0.909 [0.576–

1.000] (p_Holm=0.029). No statistically significant 

difference was detected between Strategy 1 and K=2, 

and no significant difference was detected between 

Strategy 3 and the partial BSF implementation. These 

non-significant comparisons are not interpreted as 

evidence of equivalence. 

For final-frame TRE (Figure 4C), sequential frame-to-

frame registration showed the highest mean error (6.1 

± 1.8 mm). Relative to Strategy 1, sequential 

registration increased final-frame TRE by a median 

paired difference of 1.333 mm [0.738–1.879] 

(|r_rb|=1.000; p_Holm=0.006). The corresponding 

excess error was 2.025 mm relative to Strategy 3 

[0.777–3.918] (r_rb=1.000; p_Holm=0.012), 0.733 

mm relative to the partial BSF implementation [0.406–

1.033] (r_rb=1.000; p_Holm=0.006), and 2.087 mm 

relative to the Fixed Four-Reference Control [0.805–

3.880] (r_rb=1.000; p_Holm=0.012). Strategy 1 also 

showed lower final-frame TRE than the partial BSF 

implementation by a median paired 0.600 mm [0.332–

0.846], with complete directional consistency 

(|r_rb|=1.000; p_Holm=0.006). Strategy 3 showed a 

1.487-mm lower median paired TRE than the partial 

BSF implementation [0.371–2.019] (|r_rb|=0.818 

[0.364–1.000]; p_Holm=0.027), while the Fixed Four-

Reference Control showed a 1.390-mm reduction 

relative to partial BSF [0.399–2.038] (|r_rb|=0.848 

[0.455–1.000]; p_Holm=0.027). No statistically 

significant difference was detected between Strategy 3 

and the Fixed Four-Reference Control at the final 

frame; this is interpreted as absence of evidence for a 

detectable difference in the present cohort rather than 

evidence of equivalence. The K=2 control yielded 5.1 

± 1.1 mm (median 5.5 [4.2–5.7] mm) and showed 

greater final-frame TRE than Strategy 1 by 0.666 mm 

[0.119–1.798] (|r_rb|=0.848 [0.455–1.000]; 

p_Holm=0.009), Strategy 3 by 1.156 mm [0.483–

2.142] (|r_rb|=1.000; p_Holm=0.029), and the Fixed 

Four-Reference Control by 1.228 mm [0.511–2.104] 

(|r_rb|=1.000; p_Holm=0.029). No significant final-

frame difference was detected between K=2 and either 
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sequential registration or the partial BSF 

implementation. 

4. Discussion 

The low-dimensional representation analysis showed 

that 3D echocardiographic sequences can retain 

temporal and physiologically related organization 

relevant to reference-frame selection. Time-embedded 

PCA and Diffusion Maps produced different qualitative 

trajectory geometries: Diffusion Maps generally formed 

a more loop-like representation of the cardiac cycle, 

whereas PCA produced a curved outbound-and-return 

trajectory with distinguishable contraction and 

relaxation branches. Despite these qualitative 

differences, the two methods produced identical sets of 

all four reference frames in every analyzed case. For 

both methods, the principal internal reference coincided 

with the expert-defined ES frame in 10 of 12 cases, with 

a one-frame discrepancy in the remaining two cases. 

The ES-based validation therefore did not provide 

evidence for superiority of either time-embedded PCA 

or Diffusion Maps in terms of reference-frame 

selection. 

The identical discrete reference selections clarify 

the role of the low-dimensional mapping in the present 

framework. Although PCA and Diffusion Maps 

produced visibly different latent-space geometries, 

these differences did not translate into different 

reference-frame indices. Thus, within the present 

benchmark, no task-level reference-selection 

advantage was attributable to the more geometrically 

complex Diffusion Maps representation over time-

embedded PCA. Several factors may contribute to this 

result. First, the present dataset consists exclusively of 

healthy volunteers with relatively regular ventricular 

motion, and the dominant cardiac variation relevant to 

reference placement may be represented adequately by 

more than one low-dimensional mapping. Second, 

PCA was applied to a time-embedded input in which 

immediate temporal evolution had already been 

incorporated before dimensionality reduction. Third, 

 

Figure 4. Comparison of Target Registration Error (TRE) among the five primary registration configurations and the Two-

Reference Control (K=2) for (A) mean error across the complete cardiac cycle, (B) end-systolic (ES)-frame error, and (C) 

final-frame error. TRE values are expressed in millimeters. Strategy 1: single-reference registration to the initial end-

diastolic frame; Strategy 2: sequential frame-to-frame registration; Strategy 3: the proposed manifold-guided multi-

reference strategy; Strategy 4: partial BSF implementation; Fixed Four-Reference Control: four predetermined temporal 

reference locations using the same multi-reference architecture as Strategy 3; Two-Reference Control (K=2): the initial ED 

and principal internal references retained, with the intermediate contraction and relaxation references removed. Overall 

differences were assessed using the Friedman test, followed by paired Wilcoxon signed-rank comparisons with Holm 

correction. All pairwise p-values displayed in the figure are Holm-adjusted values (p_Holm). Statistical significance was 

defined as p_Holm<0.05. *p_Holm<0.05; **p_Holm<0.01 
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the downstream objective was identification of 

discrete reference states using a deterministic 

distance-based criterion rather than faithful 

reconstruction of every aspect of latent geometry. 

Consequently, different low-dimensional geometries 

can produce the same reference-frame extrema. The 

experimentally consequential component of the 

present framework is therefore the organization and 

placement of registration references rather than the use 

of a particular nonlinear dimensionality-reduction 

method. 

The execution-time analysis further demonstrated a 

practical computational difference. Time-embedded 

PCA required 0.460 ± 0.144 s per execution, 

compared with 1.091 ± 0.461 s for time-embedded 

Diffusion Maps, corresponding to approximately a 

2.37-fold greater execution time for Diffusion Maps. 

Because construction of the time-delay representation 

itself was not included in the timing analysis, the 

longer execution times of the time-embedded variants 

are consistent with processing inputs having 

approximately twice the feature dimensionality. For 

the short single-cycle sequences evaluated here, the 

absolute computational difference remains modest. 

However, computational efficiency may become more 

consequential when processing multiple consecutive 

cardiac cycles, longer acquisitions, or implementing 

the framework for online or near-real-time processing 

on resource-constrained hardware. Given the identical 

downstream reference configurations in all 12 cases, 

time-embedded PCA represents the more 

parsimonious implementation for the present 

benchmark. This conclusion is restricted to the present 

reference-selection task and dataset and does not 

exclude potential advantages of other representations 

in more heterogeneous or pathological cardiac motion. 

The reference-frame analysis provides an important 

intermediate physiological validation of the proposed 

framework. The principal internal reference was not 

explicitly defined as ES by the selection algorithm; 

rather, it was selected solely according to its geometric 

separation from the initial and terminal ED states in 

the low-dimensional trajectory. Nevertheless, for both 

time-embedded PCA and Diffusion Maps, this 

automatically selected reference coincided with the 

expert-defined ES frame in 10 of the 12 analyzed cases 

and differed by only one frame in the remaining two 

cases. Moreover, the complete four-reference sets 

obtained from the two representations were identical 

in every case. This finding suggests that, within the 

present healthy-volunteer benchmark, the low-

dimensional trajectory consistently positioned a 

physiologically distinct state near ES at a 

geometrically prominent location. Importantly, this 

result should not be interpreted as demonstrating a 

general-purpose ES-detection model. Expert ES 

annotations were used after reference extraction as one 

criterion for physiological construct validation of the 

candidate representations and therefore are not 

statistically independent of the representation-

assessment stage. 

The quantitative representation metrics also showed 

that no single dimensionality-reduction method was 

uniformly optimal according to every criterion. 

Isomap performed particularly well in neighborhood-

preservation measures, whereas PCA showed 

favorable preservation of global distance structure. 

The relatively high association between most 

representations and the landmark-derived surrogate-

volume profile further indicates that physiologically 

related cardiac-cycle variation was represented in the 

low-dimensional spaces, although t-SNE generally 

showed weaker correspondence. Time embedding 

introduced immediate temporal context into methods 

that otherwise operate without explicit knowledge of 

frame order and was intended to help distinguish 

morphologically similar states occurring on the 

contraction and relaxation branches. In addition, 

transforming a high-dimensional volumetric cardiac 

cycle into a two-dimensional trajectory provides a 

directly visualizable representation for reference-

frame selection. If future datasets containing multiple 

consecutive 3D cardiac cycles become available, 

analysis of trajectory reproducibility across cycles 

could provide an additional basis for assessing the 

stability of automatically extracted cardiac states. 

Comparison of the registration configurations 

showed that temporal organization and reference 

placement were associated with differences in 

landmark-based TRE. The statistical comparisons 

were interpreted using paired effect magnitude and 

uncertainty in addition to Holm-adjusted statistical 

significance. This distinction is particularly important 

in the present 12-case cohort because a p-value alone 

does not characterize either the physical magnitude of 

a TRE difference or the consistency of its direction 
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across cases. Median paired differences provide effect 

estimates in millimeters, matched-pairs rank-biserial 

correlations describe directional consistency, and 

percentile-bootstrap confidence intervals indicate the 

uncertainty of these estimates. Conversely, non-

significant comparisons are not interpreted as 

evidence of equivalence. 

The three TRE outcomes used in the registration 

comparison characterize complementary aspects of 

tracking performance rather than redundant 

measurements of the same behavior. Mean-cycle TRE 

reflects the overall accuracy of the estimated motion 

trajectory across the complete cardiac cycle and 

therefore provides the broadest measure of tracking 

performance. ES-frame TRE evaluates tracking at a 

physiologically important state that is substantially 

displaced from the initial ED configuration and 

therefore represents a demanding point of the cardiac 

cycle for methods that rely on an initial reference. 

Final-frame TRE, in contrast, evaluates the accuracy 

with which the tracking trajectory returns to the 

terminal ED state at completion of the cardiac cycle. 

This metric is particularly informative for strategies 

involving successive displacement-field 

compositions, because errors introduced throughout 

the cycle can influence the final estimated position. 

The three outcomes should therefore be interpreted 

jointly: mean-cycle TRE describes overall 

performance, ES-frame TRE emphasizes performance 

around a highly deformed cardiac state, and final-

frame TRE reflects end-of-cycle tracking behavior 

after propagation through the temporal registration 

architecture. 

For mean-cycle tracking, Strategy 3 achieved the 

lowest mean-cycle TRE (6.8 ± 1.6 mm). Its advantage 

over the conventional baselines was supported by the 

magnitude and direction of the paired effects rather 

than statistical significance alone. Relative to Strategy 

1, Strategy 3 reduced TRE by a median of 0.461 mm 

[95% CI: 0.014–1.091], with r_rb=0.758, whereas the 

reduction relative to sequential registration was 1.454 

mm [0.235–2.318], with r_rb=1.000. The comparison 

with the Fixed Four-Reference Control is particularly 

informative because the two configurations used the 

same number of reference frames, the same pairwise 

registration algorithm, and the same displacement-

field composition architecture; their principal 

difference was the temporal placement of the 

references. Strategy 3 showed a median paired mean-

cycle TRE reduction of 0.99 mm relative to the Fixed 

Four-Reference Control [0.94–1.08], with a strong 

rank-biserial effect (|r_rb|=0.91). Thus, within this 

benchmark, the observed difference is supported by 

both effect magnitude and directional consistency and 

supports a contribution of data-driven reference 

placement beyond the use of four references alone. No 

statistically significant difference was detected 

between Strategy 3 and the partial BSF 

implementation for mean-cycle TRE; this absence of 

significance is not interpreted as evidence of 

equivalent performance. 

The ES-frame analysis provides particularly clear 

evidence of a phase-specific reference-placement 

effect at a cardiac state characterized by substantial 

structural change relative to ED. Strategy 3 reduced 

TRE relative to Strategy 1 by a median 1.265 mm 

[0.304–2.445] and relative to sequential registration 

by 2.515 mm [0.0003–2.858], with rank-biserial 

correlations of 0.909 and 0.956, respectively. Relative 

to the Fixed Four-Reference Control, Strategy 3 

reduced ES-frame TRE by 2.000 mm [1.945–2.055], 

with complete directional consistency of the paired 

ranks. Thus, the ES findings are supported not merely 

by Holm-adjusted significance tests but by measurable 

differences in physical TRE and highly consistent 

paired effects. The larger ES difference relative to the 

Fixed Four-Reference Control indicates that 

predetermined temporal spacing did not reproduce the 

performance obtained when the reference locations 

were derived from the intrinsic cardiac trajectory. 

The final-frame results showed a different pattern 

and provide additional information about phase 

dependence of the registration architectures. 

Sequential frame-to-frame registration exhibited the 

largest final-frame TRE (6.1 ± 1.8 mm) and showed 

higher error than Strategy 1 by a median of 1.333 mm, 

Strategy 3 by 2.025 mm, the partial BSF 

implementation by 0.733 mm, and the Fixed Four-

Reference Control by 2.087 mm. This pattern is 

consistent with the susceptibility of a long sequential 

transformation chain to propagation of registration 

inaccuracies toward the end of the cycle. The 

favorable final-frame behavior of Strategy 1 is also 

informative: Strategy 1 showed a median paired 

advantage of 0.600 mm over the partial BSF 

implementation, with complete directional 
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consistency. Direct registration to the initial ED avoids 

a long composition chain and, at cycle completion, can 

additionally benefit from the renewed structural 

similarity between the terminal and initial ED states. 

Strategy 3 and the Fixed Four-Reference Control both 

retained low final-frame TRE, and no statistically 

significant difference was detected between them. 

This result is interpreted as absence of evidence for a 

detectable difference in the present cohort rather than 

evidence that the two configurations are equivalent. 

Taken together, the three outcomes show that the 

relative behavior of the registration architectures is 

phase dependent rather than uniformly ordered across 

the cardiac cycle. Strategy 3 combined the lowest 

mean-cycle and ES-frame TRE with low final-frame 

TRE, while the Fixed Four-Reference Control 

reproduced the favorable final-frame behavior but not 

the mean-cycle or ES performance. The effect 

estimates relative to the fixed control were 0.99 mm 

for mean-cycle TRE and 2.000 mm for ES-frame TRE 

in favor of Strategy 3. These comparisons strengthen 

the interpretation that, within the present benchmark, 

using intrinsic image-derived trajectory information to 

determine where references are placed can influence 

tracking performance beyond simply increasing the 

number of references. At the same time, the absence 

of significant differences from the partial BSF 

implementation for mean-cycle and ES-frame TRE 

means that the proposed framework should not be 

interpreted as uniformly superior to all hybrid 

approaches. 

The reference-selection and registration results are 

also mutually informative. Figure 3 shows that the 

low-dimensional trajectory identified reference 

configurations associated with physiologically distinct 

positions along the cardiac cycle, including a principal 

internal reference closely corresponding to expert-

defined ES. Figure 4 shows that changing the temporal 

reference architecture can materially alter tracking 

performance. This point is reinforced by the K=2 

sensitivity experiment: removing the two branch-

specific intermediate references produced measurable 

phase-specific TRE changes, whereas replacing time-

embedded PCA with Diffusion Maps did not alter any 

of the four selected reference frames. The combined 

findings therefore support the role of the low-

dimensional trajectory primarily as a mechanism for 

data-driven organization of the temporal reference 

structure rather than as a motion model incorporated 

into the registration algorithm itself. 

Comparison with Strategy 4 should be interpreted 

specifically as a comparison with the partial BSF 

implementation evaluated in this study. This 

implementation combined the Eulerian and 

Lagrangian displacement estimates using temporal 

weighting and represented the resulting trajectory 

using the B-spline–Fourier formulation [20], but it did 

not include the final consistency-correction stage of 

the complete BSF pipeline. No statistically significant 

difference was detected between Strategy 3 and the 

partial BSF implementation for mean-cycle or ES-

frame TRE, whereas Strategy 3 showed a median 

1.487-mm final-frame advantage [0.371–2.019]. 

Strategy 1 and the Fixed Four-Reference Control also 

showed lower final-frame TRE than the partial BSF 

implementation. These findings should not be 

interpreted as establishing superiority over the 

complete BSF framework. The proposed approach 

differs conceptually in that the low-dimensional 

representation is used to determine temporal reference 

placement before registration rather than as a motion 

prior or post-registration regularization model. 

The K=2 sensitivity analysis provides phase-

specific evidence regarding the contribution of the 

intermediate references. Removing R₂ and R₄ did not 

produce a statistically significant mean-cycle 

difference relative to any of the evaluated 

configurations; given the small sample size, this result 

should not be interpreted as evidence of equivalence 

or as proof that reference number is unimportant. At 

ES, Strategy 3 reduced TRE relative to K=2 by a 

median 1.265 mm [0.304–2.445], with |r_rb|=0.909, 

supporting a contribution of the intermediate 

contraction reference R₂. At the final frame, Strategy 

3 reduced TRE relative to K=2 by 1.156 mm [0.483–

2.142], and the Fixed Four-Reference Control showed 

a 1.228-mm advantage over K=2 [0.511–2.104], with 

complete directional consistency in both comparisons. 

These estimates support a useful role for intermediate 

reference support at specific portions of the cardiac 

cycle, particularly around ES and during return toward 

terminal ED. 

The present sensitivity analysis should not be 

interpreted as identifying K=4 as the optimal reference 

number. The K=2 experiment was selected as a nested 

and physiologically symmetric reduction of the 
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proposed two-branch architecture because it removes 

the contraction- and relaxation-branch intermediate 

references together. A K=3 configuration was not 

evaluated because it is not a structurally symmetric 

ablation of this specific architecture. Once R₁ and R₃ 

are retained, a third internal reference must 

preferentially represent either the contraction or 

relaxation branch or be selected using a newly defined 

rule, thereby changing both reference number and 

reference-selection structure. Formal optimization of 

reference number would therefore require a 

generalized K-reference formulation with prespecified 

selection rules, matched fixed-K controls, and 

preferably independent or nested validation. The 

present results support phase-specific contributions of 

the intermediate references but do not establish 

universal superiority or an empirically optimal value 

of K. 

The omission of the final consistency-correction 

stage was deliberate rather than an attempt to 

reproduce the complete BSF pipeline. The purpose of 

the present comparison was to evaluate the core 

temporal organization of the competing registration 

strategies under a common framework. Because the 

consistency-correction stage is a post-processing 

refinement applied after estimation of the primary 

motion trajectory, an analogous consistency-

refinement procedure could in principle also be 

applied to displacement fields generated by the other 

registration strategies. Applying this additional 

refinement exclusively to Strategy 4 would therefore 

confound the comparison between the underlying 

registration architectures with the additional effect of 

post-processing. The present BSF results should 

consequently be interpreted as those of the temporal 

weighting and B-spline–Fourier components without 

the final consistency-refinement stage, and not as the 

performance of the complete BSF method. A future 

study could separately evaluate the incremental effect 

of applying an equivalent consistency-refinement 

procedure across the different registration strategies. 

Several limitations should be considered when 

interpreting these findings. First, the present 

evaluation was performed on a relatively small cohort 

of 12 healthy-volunteer 3D echocardiographic 

sequences. The benchmark used in this study is a well-

established reference dataset that was developed 

through an open challenge and has been used for 

comparative evaluation of multiple cardiac motion-

tracking algorithms [28]. Its standardized imaging 

data and landmark-based reference information 

therefore provide a valuable basis for controlled 

methodological comparison. Nevertheless, the cardiac 

motion patterns represented in the present analysis 

primarily reflect normal ventricular contraction and 

relaxation. Pathological ventricular motion, including 

regional hypokinesia, akinesia, dyskinesia, or altered 

ventricular geometry, may produce different low-

dimensional trajectories and may affect both 

reference-frame selection and registration 

performance. The effect-size estimates and their 

confidence intervals also emphasize the uncertainty 

associated with the small sample size. Several 

comparisons showed large and highly consistent rank-

biserial effects, but the precision of the estimated 

physical TRE differences varied across comparisons. 

Statistical significance and strong directional effects 

in this 12-case cohort should therefore not be 

interpreted as precise population-level estimates, and 

non-significant comparisons should not be interpreted 

as evidence of equivalence. Validation in larger and 

more heterogeneous datasets, particularly cohorts 

including pathological LV motion, is required to 

establish the precision, robustness, and clinical 

generalizability of the observed effects. 

A further limitation concerns the availability of 

complete temporal data. Although the original 

benchmark included 15 healthy volunteers, three 

benchmark cases (Cases 7, 8, and 9) were temporally 

incomplete in the version of the dataset available to us 

and could not provide the complete ED-to-ED cardiac 

cycle required by the analysis pipeline. These cases 

were identified during the initial data-completeness 

assessment before any dimensionality-reduction, 

registration, or TRE analysis and were therefore not 

excluded according to study outcome or algorithmic 

performance. Nevertheless, because the analysis was 

necessarily restricted to the 12 cases with complete 

available temporal data, a potential complete-case or 

availability-related selection bias cannot be excluded. 

The findings should therefore be interpreted 

specifically for the analyzable 12-case subset. 

An additional limitation concerns image-intensity 

variability and the absence of additional intensity 

normalization or myocardial masking. All low-

dimensional representation and registration operations 
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in the present study were performed within each 

subject's reconstructed 3D echocardiographic 

sequence rather than between separate examinations 

or different subjects. Consequently, variability 

specifically associated with comparing independent 

acquisitions—such as between-study differences in 

probe placement, scanner setup, global gain choices, 

or spatial sampling—was not introduced into the 

within-case reference-selection distances. 

Nevertheless, acquisition within a common sequence 

does not eliminate intrinsic frame-to-frame ultrasound 

variability. Motion-dependent speckle decorrelation, 

acoustic shadowing, attenuation, reverberation, and 

other image-appearance changes may remain across 

the cardiac cycle and may affect both the high-

dimensional image distances used for low-

dimensional representation construction and intensity-

based Demons registration [7,8,12,15–17]. We did not 

perform a dedicated analysis quantifying the effect of 

such frame-to-frame intensity fluctuations on 

reference selection and therefore cannot exclude their 

contribution. The temporally organized trajectories, 

identical four-reference selections obtained with time-

embedded PCA and Diffusion Maps, and close 

correspondence of the principal internal reference with 

expert-defined ES provide indirect evidence that 

reference selection was not grossly destabilized by 

these variations; however, these observations should 

not be interpreted as a dedicated robustness analysis. 

Future work should explicitly evaluate the effect of 

intensity normalization, myocardial masking, and 

other ultrasound-specific preprocessing procedures on 

low-dimensional trajectory organization and 

registration performance. 

Another limitation is that the candidate low-

dimensional representations and the final registration 

experiment were examined within the same 12-case 

cohort, and this should be distinguished from 

independent external validation. However, the 

dependence differs from conventional outcome-driven 

model selection. The dimensionality-reduction 

algorithms were applied independently within each 

sequence rather than trained across subjects, 

registration TRE was not used to select a 

representation, and neither the deterministic 

reference-selection criterion nor the Demons 

registration parameters were fitted to the expert 

annotations or final tracking outcomes. Moreover, 

time-embedded PCA and Diffusion Maps produced 

identical complete four-reference configurations in 

every analyzed case, making the final Strategy 3 

registration and TRE invariant to the choice between 

these two representations. The expert-defined ES 

annotation was used after reference extraction as a 

physiological construct-validation measure and 

contributed to assessment of the candidate 

representations. We therefore acknowledge a residual 

within-sample representation-assessment dependence, 

particularly for interpretation of ES concordance, 

rather than claiming statistically independent 

validation. Independent external validation in a larger 

dataset, preferably including pathological ventricular 

motion and greater variability in image characteristics, 

remains necessary before claims regarding robustness 

or generalizability can be made. 

A further limitation concerns uncertainty in the 

benchmark reference trajectories themselves. The 

ground-truth landmarks were manually tracked by 

human observers in 3D tagged MRI and were 

subsequently transformed into the 3D ultrasound 

coordinate system using a point-based similarity 

transformation [28]. Consequently, the reference 

landmark positions are subject both to observer-

dependent localization variability and to residual 

uncertainty introduced by the cross-modality 

transformation. The measured TRE therefore reflects 

not only error associated with the evaluated 

registration strategy but also uncertainty in the 

available reference standard. Because the same 

benchmark landmarks were used to evaluate all 

registration configurations, this source of uncertainty 

is common to the comparative analysis and does not 

selectively favor one strategy; nevertheless, it limits 

interpretation of the absolute TRE magnitude. Future 

validation using complementary ground-truth 

approaches or datasets with independently 

characterized reference uncertainty would further 

strengthen evaluation of the proposed framework. 

5. Conclusion 

Within the established 3D echocardiographic 

benchmark evaluated in this study, comprising 12 

healthy-volunteer sequences, the proposed manifold-

guided multi-reference strategy demonstrated 

favorable landmark-based tracking performance 

across complementary phases of the cardiac cycle. 
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Time-embedded PCA and Diffusion Maps produced 

identical four-reference configurations in all analyzed 

cases, and their principal internal reference coincided 

with the expert-defined ES frame in 10 of 12 cases, 

with a one-frame discrepancy in the remaining two 

cases. The paired effect estimates complemented the 

significance tests by demonstrating measurable and 

directionally consistent TRE differences for several 

key comparisons. Strategy 3 showed a median mean-

cycle TRE reduction of 0.99 mm relative to the Fixed 

Four-Reference Control and a 2.000-mm reduction at 

ES, supporting a contribution of data-driven reference 

placement beyond use of multiple references alone for 

these outcomes. At the final frame, no statistically 

significant difference was detected between Strategy 3 

and the Fixed Four-Reference Control, and this result 

is not interpreted as evidence of equivalence. The K=2 

sensitivity analysis showed phase-specific effects of 

removing the intermediate references: Strategy 3 

reduced ES-frame TRE relative to K=2 by 1.265 mm 

and final-frame TRE by 1.156 mm. These findings 

support a functional contribution of the intermediate 

contraction and relaxation references within the 

evaluated architecture while not establishing K=4 as 

universally superior or empirically optimal. No 

statistically significant difference between Strategy 3 

and the partial BSF implementation was detected for 

mean-cycle or ES-frame TRE, and the comparison 

should not be interpreted as an evaluation of the 

complete BSF framework because its final 

consistency-correction stage was not implemented. 

Overall, the results support the internal technical 

feasibility of using the intrinsic low-dimensional 

organization of the cardiac cycle for data-driven 

reference-frame placement rather than demonstrating 

superiority of a particular dimensionality-reduction 

algorithm. The findings should not be interpreted as an 

unbiased estimate of performance on unseen data. 

Independent validation in larger and clinically 

heterogeneous datasets, particularly those containing 

pathological LV motion, is required before broader 

generalization can be established. 
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