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1. Introduction

omputed Tomography (CT) uses colli-
mated narrow beams of x-ray to measure 
the attenuation coefficient of each voxel of 
the scanned material to obtain high qual-
ity cross sectional images produced due to 

attenuation of x-rays in the material through which it 
passes. It is known that as monochromatic x-rays pass 
through a medium by a distance l, the intensity of the 
radiation falls as, I(l)= I(0) exp[- α(l)] , where α(l) = 

∫μ(l',E)dl'  , the integration being over the entire path of 
the ray with 0 ≤ l’≤ l and μ(l',E) is the attenuation coef-
ficient of the material at the point l’ on the path of the 
ray. The method of Computed Tomography (CT) works 
on the principle that if the integral α(l) = ∫μ(l',E)dl'  be 
known for all possible sections of the material,  then it is 
possible to obtain by the method of Radon Transform, 
the attenuation coefficient μ(x,y,z:E2) at all points (x,y,z) 
in the substance [1-9] which was successfully demon-
strated by Hounsfield [10-12]. The following possibility 
was immediately recognized: since the attenuation coef-
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ficient μ(x,y,z: E) depends upon the values of the electron 
density (ρe) and the effective atomic number (Zeff)  of the 
material at the point (x,y,z), and the energy E of the pho-
ton, two independent measurements  μ(x,y,z: E1) , μ(x,y,z: 
E2)  at two different energies with E1 ≠ E2  can enable us to 
solve for the two unknowns (ρe, Zeff) thus giving informa-
tion about the chemical composition of the material[13]. 
These ideas were enriched by several investigators lead-
ing to the emergence of the technique of the Dual Energy 
Computed Tomography (DECT) [14-16]. Suitability of 
the above method has seen practical demonstration in sev-
eral areas , from detection of hidden explosives [17] to 
non-invasive medical diagnostics [18-23]. 

The central issue in DECT inversion is based on the 
following factors that decide the x-ray attenuation coef-
ficient of substances. It is known that while the attenu-
ation due to Compton scattering is linearly dependent 
on the electron density ((ρe), the photoelectric cross sec-
tion, in addition, has a powerful dependence on the ef-
fective atomic number (Zeff), and the energy (E) of the 
photon, being proportional to (ρe Zx

eff / Ey). The ques-
tion of ascertaining the values for x and y, forms the 
subject of our continuing investigations, as they are key 
to the question of DECT [23] inversion and in the pres-
ent paper we further incorporate the effect of the source 
spectrum, S(E,V) as that is an issue of practical impor-
tance.  For hydrogen like atoms it can be exactly shown 
from theory that x=4 and y=3.5 [24,25]  while for other 
substances the values of x and y can be different be-
cause of electronic interactions in atoms.  In the existing 
literature, the values of x and y as proposed by differ-
ent workers in the field, lie in the range, 3.0 ≤ x ≤ 3.8 
[26-28]  and 3.0 ≤ y ≤3.5. These uncertainties in (x,y)  
can lead to large errors in calculating the photoelectric 
absorption and thus the problem of DECT inversion can 
be of questionable accuracy. Thus, to formulate effec-
tive inversion strategies for finding (ρe ,Zeff ) from the 
DECT data, it is extremely important to ascertain the 
exact values of the exponents x and y. This, in summary, 
serves as the motivation for the present paper. The pres-
ent paper makes an exhaustive study of the problem by 
treating in detail, the variation in the value of y with 
the change in the energy range of study and the effect 
of this variation on the HU values of substances, when 
the source spectrum is taken into account. The impact 
of these variations on DECT inversion to determine (ρe 

,Zx
eff) is pointed out, where we have focused on low Zeff  

materials as is the case with most biological samples. 
We have taken the basic ‘data’ from the physical tables 
given by the National Institute of Standards and Tech-
nology (NIST) [28] and the energy range is chosen so 
as to suit the problem of DECT imaging and inversion.

2. Materials and Methods

2.1. Attenuation coefficient μ(E)

The basic equation for the attenuation coefficient μ(E) 
(for any element or compound) at any monochromatic 
energy E is given by [ with re= 2.82×10-13cm, being the 
classical radius of the electron and a0 =5.29×10-9 cm, be-
ing the radius of the electron orbit in the ground state of 
hydrogen]

μ(E) = μsc (E) + μph (E) = μcoh (E) +  μComp (E) + μph (E) 

    = α0fcoh(E) ρe +  α0 fComp(E) ρe + β0 fph (E) [ ρe Zeff
x]        

                                                                                    (1)

where α0=(8π/3)re
2=66.62×10-26cm2 and β0=(256π/3)

(1/137)a0
2 =54.7579×10-18cm2  are constants. The quan-

tity μsc(E) which gives the attenuation coefficient due to 
scattering is composed of two parts, due to the coherent 
Rayleigh scattering and the incoherent Compton scat-
tering both being linearly dependent on ρe , as are rep-
resented in the first two terms in Eq.(1). The coherent 
elastic part of the scattering makes negligible contribu-
tion in the x-ray regime while the incoherent part can be 
approximated by Klein-Nishina formula, for free elec-
trons, since the binding energy of electrons in the atom 
is much smaller than the energy of the x-ray photon. We 
can thus write, as followed in Reference [29],

μsc (E) = α0fcoh(E) ρe +  α0 fComp(E) ρe≈ α0 fKN  (E) ρe                          (2)   

where fKN(E) is the Klein-Nishina factor [24-26].  The 
complete formula for fKN(E) is given in Eq.(2) of Refer-
ence [29] and its variation with E is shown graphically 
in Figure 4 of the same paper. The third term in Eq.(1.) 
denotes the contribution from the photoelectric effect, 
the functional form for fPh(E) is given as,

y
Ph )

E
I(=(E)f 0                                                                                     (3)

with I0 (= 13.5 eV) denoting the ionization energy the 
hydrogen ground state and y is an exponent that needs 
to be specified, which we aim to determine. 

Though some of the formulae given in subsequent 
sections appear in Reference [29], they are reintroduced 
here, for the sake of completeness and in view of their 
importance. From the knowledge of the chemical com-
position of the substance, the quantities, ρe and Zx

eff can 
be calculated. Consider c(j) to give the concentration of 
the component j in the mixture (number of molecules 
of  j / total number of molecules) and n(i, j) gives the 
number of atoms of i present in the jth molecule, then 
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in terms of the density of the system (mass per unit vol-
ume) we can write, 
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where Zi is the atomic number and Ai is the atomic 
weight of the ith atom, mp=1.67×10-24 gm is the mass of 
the proton, and x(i) is the exponent for the photoelectric 
effect for element 'i' while Zeff is the effective atomic 
number, being the weighted average, 
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It is to be noted that the right hand side (r.h.s) of Eqs.
(4) and (5) are quantities fixed by the composition of  the 
substance, while the r.h.s. of Eq.(6) has an arbitrariness 
due to the freedom to choose the value of p. It is neces-
sary to make a consistent definition of Zeff , i.e. insist on 
a uniform convention for the choice of p. For hydrogen-
like atoms, it can be shown theoretically that p=4. We 
shall make this choice p=4, throughout and the exponent 
then follows to be, x= {log[Zx

eff]/log[Zeff]}, where Zx
eff  is 

calculated from the r.h.s. of equation (5), while Zeff   is cal-
culated from the r.h.s. of equation (6), both being calcula-
ble if the atomic composition i.e. {c(j), n(j,i)} be known.

2.2. Mass attenuation Coefficient [μ(E) / ρ ]

Due to the smallness of coherent scattering, as will be 
shown in the Results section, we can neglect the first 
term in Eq(1). By using Eq. (1) and (4) this we get the 
mass attenuation coefficient to be, 
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                                                                                    (7.b)

is the mass attenuation coefficient of the pure com-
pound ‘j’, M(j) = ∑ n(j,i)Ai = molecular weight of the 
‘j’ th molecule and we have substituted  c(j) = [w(j) / 
M(j)] where w(j) is he (weight/weight) concentration of 
the ‘j’ th compound and    ∑c(j)  = ∑w(j) = 1. For high 
energies, we can neglect the coherent scattering and ap-
proximate it by the Klein-Nishina formula so that we 
can approximate fsc (E) ≈ fKN (E). 

2.3. Estimate Of Exponent Y

As can be seen from Eq. (1) and (3), the photoelec-
tric part of the attenuation coefficient depends strongly 
upon the values of x and y [29]. Simultaneous determi-
nation of both the unknown exponents (x,y) from the 
experimental data may give rise to cross interference 
between these two unknowns.  It is hence advisable to 
derive an equation, in which one of the parameters (in 
this case x) is eliminated and then we can use the data 
in this single parameter equation to find the parameter y. 
Once the value of y is fixed, the value of x can then be 
calculated subsequently using the calculated value of y.

Equation (1) suggests that at any given energy, the 
contribution from the photoelectric part can be estimat-
ed by subtracting out the scattering part from the known 
total linear attenuation coefficient of the substance [29]. 
On knowing the values of density and chemical formula 
for the substance we can calculate,

                                                                                         

                                                                                      (8)

In order to eliminate the characteristic quantities of the 
substance like ρe, ρ and Zeff, we define the ratio (i.e. for 
the same substances)

                                                                                      (9)

which clearly gives us, on using (8) and taking the 
logarithm, 

                           (10) 

The quantity [μ/ρ] is tabulated in the NIST table, while 
[μ(E)/ρ]sc  ≈[μ(E)/ρ]KN  can be calculated from the first 
term in Eq. (9) by using the Klein-Nishina formula. A fit 
of the type given in Eq.(10) enables us to find the value 
of y by starting with the NIST tables to find the values 
of mass attenuation coefficient.

 Vani Varadhan Chatterjee et al.  Photoelectric Effect and Energy of X-Ray Photons
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By substituting the exponent y and thus calculating, 
fPh(E) =  (I0  /E) y in Eq. (8), we are able to calculate Zeff

x 

by Eq. (11) as follows, 

                                                                                (11)

where [ρ/ρe] can be calculated from Eq.(4). We then 
have, for the exponent x (allowing for  energy depen-
dence in its value),

[ ]
[ ]eff

x
eff

Z
Z

Ex
log
log

)( =                                                                                   (12)

[Zx
eff] being evaluated from Eq.(5) and Zeff from equa-

tion (6).                           

2.4. Effect of the Source Spectrum

For practical applications, we must note that x-ray 
sources are not monochromatic. The x-ray flux is 
spread over a range of photon energies (E), as given by 
the source spectrum S(E, V). The quantity S(E,V) is the 
product of (1) the bare source spectrum S0 (E, V) and 
(2) the filter function F(E). We can calculate S0(E, V) 
from the Boone Seibert formula and the filter function 
is given by F(E) = exp [- μAl (E) lAl ] where μAl(E) is 
the attenuation coefficient of aluminum for the photon 
energy E and lAl  is the thickness of the aluminum sheet 
used for filtration.

These mathematical operations given below will show 
us the effect of the source spectrum S(E, V) on the dif-
ferent effective energies of the system. We can thus de-
fine the mean energy to be,

                                                                                  (13)

where D(E) is the detector response efficiency.

In all equations, wherever the symbol <…..> appears, 
it represents the average, as calculated over the source 
spectrum. In order to understand the effect of the source 
spectrum on the photoelectric effect and Compton scat-
tering, we define two other energies Eph (Eq. 14) and EKN 
such that (Eq. 15),

                                                    

                                                                                    (14)

            
                                                                                      (15) 

Thus Eph and EKN are the monochromatic energies at 
which the photoelectric and the Klein Nishina parts of 
the attenuation coefficient are exactly the same as the 
respective effects averaged over the source spectrum 
S(E,V). 

The effective value of exponent y, namely ym, is also 
affected by S(E, V). This can be expressed as,

                                                   (16)

so that ym can be calculated from

( )
( )m

ph
m EI

Vf
y

0log
)(log ><

=                                                                                    (17)

by using the calculated values of <fph(V)> and Em, both 
of which have the effect of S(E,V)  ingrained in them.

3. Results

The summary of the results are presented below.

3.1. Part A.

In estimating as to how the joint effect of both coher-
ent and Compton scattering compares with the Klein-
Nishina formula that describes the Compton effect for 
free electrons, we now define the ratio:

                                                                                    (18)

in which the numerator can be obtained from the NIST 
tables and the denominator is calculated from the Klein 
Nishina formula. For cases where Rsc(E) ≈ 1, we make 
very little error in replacing the total effect of scatter-
ing simply by the Klein-Nishina formula while the level 
of error for any given E can be estimated by Δ (E) = 
1- Rsc(E). The variation of Δ (E) with E is displayed in 
Figure 1 for elements such as carbon, nitrogen, oxygen, 
hydrogen. We find that the error is quite small for E > 
40 keV. For lower energies this error is large. However, 
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The results given here are thus in conformity with 
those given in reference [15] for materials with low ef-
fective atomic number.

3.2. Part B. 

As discussed under the materials and methods section, 
Eq. (8) can be used to calculate the mass attenuation 

filtering of  x-ray sources eliminates this low energy part 
and the contribution of the coherent part thus becomes 
unimportant, as is discussed below. For this, we refer 
to Figure 2, which gives the variation of δ(E,V) for dif-
ferent elements, in the case of  V= 80 kVp  for the bare 
Boone Seibert formula ( i.e. without filter) for which 
Δ(E) is most pronounced. 

Figure 1. The variation of Δ(E) versus E for carbon, nitro-
gen, oxygen and hydrogen for 8<E<80 keV

We now further define a parameter, [ we assume, D(E) 
= 1.0,  the detector efficiency being more or less a con-
stant over a wide range or energies, as compared to the 
variation of the source spectra]

                                                                                  (19)

which is plotted versus E in Figure 2 for elements 
H,C,N,O. The quantity δ(E,V) shows us as to how im-

portant the deviation Δ(E,V) would be when “weight-
ed” by the weightage factor S(E,V), i.e. the source spec-
trum. We find that δ(E,V) is very small, everywhere in 
the whole source spectrum and hence there is very little 
overall error in using the Klein-Nishina formula to de-
scribe the attenuation coefficient due to scattering. It is 
clear that the average value of Δ(E,V) is simply <Δ(E,V)> 

=  . In Table 1, we display <Δ(E,V)>,i.e. the 
average value of Δ(E) for V=80kVp with different filters 
for some low Zeff  materials e.g. a fatty acid like acetic 
acid (C2H4O2), a lipid like cholesterol (C27H46O) and a 
protein like glycine (C2H5NO2). The largest error appears 
for <Δ(E,V)> is 0.055, i.e. gives a 5.5% error for oxy-
gen and lower for N,C,H. This error reduces for higher V 
values, since for higher V the spectrum is pushed to the 
higher E region. This smallness of <Δ(E,V)> allows us to 
justify the approximation, fsc(E) ≈  fKN(E).

Figure 2. The variation of δ(E,V) with E for H,C,N,O with 
V=80 kVp , without filter.
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Table 1. The presentation of average Δ(E) with lAl = 0.0, 4.0, 8.0, 12.0 mm,  for acetic acid (C2H4O2), glycine (C2H5NO2), 
cholesterol  (C27H46O) at 80 kVp excitation voltage.

mmAl <Δ(E,V)> (Acetic acid) <Δ(E,V)> (Glycine)    <Δ(E,V)> (Cholesterol ester)

0.0 -0.055 -0.05 -0.03

4.0 -0.04 -0.04 -0.02

8.0 -0.04 -0.036 -0.02

12.0 -0.034 -0.033 -0.01
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coefficient due to photoelectric effect, by subtracting 
the mass attenuation coefficient due to scattering from 
the total mass attenuation coefficient. By this procedure 
we calculate Δχ(E, Zeff) and R(E,E0: Zeff ) from Eq.(8) 
by using the NIST tables to find the [μ(E)/ρ] for dif-
ferent substances of low effective atomic number. We 
have chosen (6 ≤ Zeff ≤ 8) i.e. substances such as carbon, 
nitrogen, oxygen, nitric acid, water, acetic acid, sucrose, 
glycerol (the suitable range for biological tissues) and 
used [μ(E)/ρ]sc≈ [μ(E)/ρ]KN as is justified by the numeri-
cal results in Part A. 

We have used low Zeff materials in this study for all 
of computations because we are interested in soft tissue 
characterization, for which these results will be used in 
future. Attenuation coefficient due to photoelectric ef-
fect is strongly dependent on the Zeff  of the scanned ma-
terials, therefore discrimination between high and low 
Zeff  materials is not so complicated as that between low 

Zeff  ones in the range of x-ray energy used in diagnos-
tic radiology. For this reason we have not considered a 
case like calcium or iodine, in which photoelectric ef-
fect dominates, rendering these substances easily dis-
tinguishable from tissues, which are low Zeff   materials.

In Figure 3, we plot log[R (E, E0: Zeff
x)] versus log (E/

E0). We find the unmistakable feature that for any given 
energy, the ratio R(E,E0:Zeff

x) and hence log[R (E, E0: 
Zeff

x)] is insensitive to the nature of the substance at hand 
(i.e. independent of Zeff). This is seen from the fact that 
for any given energy the log[R (E, E0: Zeff)] values are 
nearly the same for all substances and their data points in 
Figure 3 nearly overlap. Least square fit is used to calcu-
late the exponent y, which can be identified by the log[R 
(E, E0: Zeff)] vs log (E/E0) relation, as given in (10) [29-
31]. These least square fit curves are shown in Figure 3 
and the implications are discussed in later sections.

Figure 3. The variation of the log[R(E, E0: Zx
eff)] versus log(E/E0) for 8 different chemical compounds with 

low Zeff (carbon, nitrogen, oxygen, nitric acid, water, acetic acid, sucrose and glycerol, all their data being 
plotted together),  for different energies. Most of the data points for different substances (different Zeff 
values) overlap, showing log[R (E, E0; Zeff)] to be independent of Zeff i.e. of the substance. In this case we 
have used E0=8Kev. 
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As we have explained in the section of the material 
and method, Eq. (10) is used to calculate the exponent y, 
which is based on the choice of the reference energy E0. 
We have calculated the value of the exponent y by using 
E0=8, 15, 20, 30 keV and the values of y are found to be       

y= 2.99, 2.94, 2.93, 2.96 respectively. These are found 
with 99.99% confidence, there being 72 “data points”, 
with only one variable (y) to be fitted. These results are 
displayed in Table. 2. 

 Vani Varadhan Chatterjee et al.  Photoelectric Effect and Energy of X-Ray Photons

Table 2. The calculated values of the exponent y for different choices of E0. 

E0 in keV Calculated value of y r Confidence level in %

 8 2.99 0.99 > 99.9

15 2.94 0.99 > 99.9

20 2.93 0.99 > 99.9

30 2.96 0.99 > 99.9

Table 3. The exponent x calculated for low Zeff elements and compounds for 8<E<80 keV with y=2.9951, 2.9436, 2.9316, 
2.9692, i.e. the exponent values found by taking different values of the reference energy E0. We have calculated the 
value of x up to the fourth decimal place and found that on retaining up to the second decimal the error in (Zeff)x does 
not exceed 1%. Hence we display here the values of x up to the second decimal place.

Substance 
Mean x as calculated by using different values of y

y=2.99 y=2.94 y=2.93 y=2.96
C 2.23 2.01 1.96 2.12

N 2.30 2.10 2.05 2.20

O 2.36 2.17 2.13 2.26

HNO3 2.34 2.15 2.10 2.24

H2O 2.31 2.12 2.07 2.22

Acetic acid 2.28 2.08 2.04 2.18

Sucrose 2.28 2.08 2.03 2.18

Glycerol 2.27 2.07 2.03 2.17

Glycine 2.28 2.08 2.04 2.18

Average 2.30 2.09 2.05 2.20

Table 4. The ratio of [μ(E)/ρ]cal / [μ(E)/ρ]NIST calculated with y=2.99 and x=2.3, for different low Zeff materials. 

Energy in keV C N O HNO3 H2O Ac. Ac Sucrose Glycerol Glycine

8 0.99 1.02 1.03 1.03 1.03 1.02 1.02 1.02 1.02

10 0.96 1.00 1.01 1.01 1.01 1.00 1.00 1.00 1.00

15 0.93 0.96 0.98 0.98 0.98 0.97 0.97 0.97 0.97

20 0.94 0.95 0.96 0.96 0.97 0.96 0.96 0.96 0.96

30 0.97 0.97 0.97 0.97 0.97 0.97 0.97 0.97 0.97

40 0.99 0.99 0.98 0.98 0.99 0.99 0.99 0.99 0.99

50 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

60 1.01 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

80 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01

The exponent y which is found for different values of 
E0 (8, 15, 20, 30 keV) is used to calculate the exponent 
x of low Zeff  elements and compounds (carbon, nitro-

gen, oxygen, HNO3, H2O, acetic acid, sucrose, glyc-
erol, glycine) by using Eq. (12). The results are shown 
in Table 3. 

The values of x and y given in Table 3, though close, 
have differences in the second decimal place. In order 
to select the most acceptable value, we have performed 
the following numerical exercise. We selected carbon, 
nitrogen, oxygen, water, nitric acid, acetic acid, sucrose, 
glycerol and glycine as test substances and for every set 

of (x, y) values we have calculated [μ(E)/ρ] and found 
the ratio, [μ(E)/ρ]cal / [μ(E)/ρ]NIST. We next selected the 
set for which this ratio is closest to 1. By this exercise 
we find that the most satisfactory case is given by, x= 
2.30, y= 2.99. The different values for this ratio in this 
particular case are given in Table 4.
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We, therefore, use y=2.99, x=2.30 to calculate [µ(E)/ρ] 
in the subsequent sections of this study, and these values 
are also to be used as  input factors in the DECT inver-
sion algorithm being developed by us. 

3.3. Part C. 

In this part we take account of the role played by the 
source spectrum S(E,V) in determining the effective en-
ergies Em , EKN , Eph and the exponent ym . In our com-
putations we have used the Boone-Seibert formula to 
calculate the “bare” source spectrum S0(E,V) while the 
values of μAl (E) are taken from the NIST tables to cal-
culate the filter function F(E). In Figure 4, we represent 
the variation of S(E,V) with E for a typical case of ,  lAl 

= 8 mm with V= 80,100,120,140 keV. The case with 
lAl=0 mm is given in Figure 1 of Reference [29] and the 
difference between the two can be noted.

                             

Figure 4. The variation of S(E,V) with E for lAl=8 mm and V= 
80, 100, 120, 140 kVp

 

It is known that filters are effective in eliminating the 
lower energy part of the spectrum. It is thus necessary to 
know whether this filtering process will affect the value 
of the exponent y that we need to use in DECT inversion 
algorithm, in order to take care of the source spectrum 
of the filtered x-ray source. The S(E,V) for various cases 
were determined separately and were used as  input in 
Eqs. (13 -15) to calculate the mean values of the pho-
toelectric and Klein-Nishina factors, namely, <fph> and 
<fKN> coefficients as defined in Eqs (14) and (15). The 
variation of <fph> and <fKN> for different excitation volt-
age V and lAl are shown in Figure 5. The corresponding 
variations of Em, EKN and Eph are shown in Figure 6 and 
those of ym  are given in Figure 7. With increasing V and 
filtering with larger lAl , the source spectrum  shifts to the 

high energy side, <fph> and <fKN> both fall monotoni-
cally. But fph(E) = (I0/E)y falls rapidly with E as a power 
law and hence <fph> falls much faster than <fKN> while 
ym is selected to satisfy, <fph> = (I0/Em)ym. 

For some of the practical considerations, it is believed 
that the effective energy of the source lies between 
30%-50% of EM , where EM  is the maximum photon en-
ergy in the source. This assumption has to be qualified 
in terms of the details of the source spectrum, i.e. by 
the bare spectrum and the filtration effect and also by 
the effective energy under consideration. Our detailed 
calculations show that for EM  and EKN , they lie within 
50%-65% of EM  for V=80kVp, between 50% - 60% 
for V= 100kVp but these come to lie within 42%-55% 
of EM  for V=120 kVp and within 43%-50% of EM  for 
V=140kVp, i.e. shifting to the higher energy side as 
filtration moves the source spectrum the higher energy 
side. It is seen that due to the rapid decrease of fph(E) 
with E , Eph  is insensitive to the higher energy photons 
and Eph lies within 44%-60% of EM   for V= 80kVp, 
between 40%-51% of EM  for V= 100 kVp, between 
33%-46% of EM  for V=120 kVp and between 30% - 
50% of EM  for V= 140 kVp. In every case Eph < EKN 
< Eph, as depicted in Figure 6, showing the variation 
of the respective effective energies in the appropriate 
ranges within which they lie.  

Figure 5. Plots show the variation of (a) <fPh> and (b) <fKN> 
for different source spectra S(E,V) , as generated by placing 
aluminum filters of thickness lAl in the source, for excitation 
voltages, V=80,100,120,140 kVp. Some typical source spectra 
are shown in Figure 2.
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Figure 6. The variation of Em, EKN, Eph of the x-ray source spectrum for different thick-
nesses of aluminum filters at 80, 100, 120, 140 kVp excitation voltage. 

Figure 7. The variation of ym with the thickness of aluminum filters at V= 
80,100,120 and 140 kVp
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We end this section on results by demonstrating the 
practical utility of knowing <fKN> and <fph>. The attenu-
ation coefficient μ(E), as given by Eq.(1) is true for any 
monochromatic energy. The CT machine being polychro-
matic, it records the average attenuation coefficient over 
the source spectrum S(E,V) and displays the HU values.     

In Table 5 we show the calculated <μ(100)> and 
<μ(140> of different low Zeff materials. such as, acetic 
acid, glycerol, ethanol and a 30% aqueous solution of  
sucrose and of water. In these calculations we have used, 

<μ(V)> = α0 ρe <fKN  ( V)>  + β0 [ ρe Zeff
x]   <f ph (V)>          

                                                                                    (20)

with x=2.30, y=2.99. The results for the corresponding 
HU(V) values are shown in Table 6. For these calcula-
tions we used the above inputs to find HU(V)=1000×[ 
<μ (V)> - <μw (V)>]/ <μw (V)>, for different cases, 
where the suffix w denotes water.

                                                   

Table 5. Calculated<(μ(V)> (in cm-1) at 100 and 140 kVp with 0, 4, 8, 12 mm aluminum filter for low Zeff materials such as pure 
forms of acetic acid (Ac.Ac), glycerol, ethanol, and 30% solution of sucrose in  water, water. 

mmAl
Pure Ac.Ac Pure glycerol Pure Ethanol 30% sucrose H2O

μ100 μ140 μ100 μ140 μ100 μ140 μ100 μ140 μ100 μ140

0 0.29 0.26 0.34 0.30 0.22 0.19 0.33 0.29 0.30 0.27

4 0.24 0.22 0.29 0.26 0.18 0.17 0.27 0.27 0.25 0.22

8 0.22 0.21 0.27 0.25 0.17 0.16 0.25 0.23 0.23 0.21

12 0.21 0.20 0.26 0.24 0.17 0.16 0.24 0.22 0.22 0.20

Table 6. Calculated HU(100) and HU(140) with 0.0, 4, 8, 12 mm aluminum filter for low Zeff materials such as pure forms of 
acetic acid (Ac.Ac), glycerol, ethanol, and 30% solution of sucrose in water.

mmAl
Pure Ac.Ac Pure glycerol Pure Ethanol 30% sucrose

HU(100) HU(140) HU(100) HU(140) HU(100) HU(140) HU(100) HU(140)

0 -45.8 -36.6 129.7 142.3 -283 -268 93 95.7

4 -27.7 -21.7 153 163 -255.5 -244 98 100.5

8 -22 -16 162 170 -244.6 -235 100.5 102

12 -18 -12.6 168 175 -238 -230 102 103.5

The results of the calculated HU (V) for both 100 and 
140, with 12 mm aluminum filter, are very close to our 
experimental finding for the same chemical compounds 
[31]. These results will also appear in our next commu-
nications on DECT inversion which employ the relation 
(20) and the coefficients <fKN( V)> , <fph (V)>  to deter-
mine ρe  and Zx

eff, from the DECT data.               

4. Discussion

It is seen that J.F. Williamson et al. [32] observation 
“the variation of the photoelectric cross section is far 
more complex than the simple power-law form assumed 
by the PFM used in this work”  is also consistent with 
our finding that the exponents x, y are not universal con-
stants. We, however, show that for low Zeff materials, 
for the practical cases of interest, the optimum values  
x= 2.30 and y= 2.99 can be used. Since our optimiza-
tion takes into account the role of the source spectrum, 

the difficulties associated with the low energy part of 
energy (see for example Evans et.al [33]) may introduce 
only marginal errors in the calculation of the photoelec-
tric part of the attenuation coefficient. The photoelectric 
contribution for low Zeff materials being insignificant 
the problem remains that “low-Z materials are more 
sensitive to uncertainties in reconstructed images than 
high-Z materials” which has thus led us to develop ac-
curate numerical schemes to evaluate the scattering and 
photoelectric parts of the attenuation coefficient. As 
pointed out in our earlier paper [29], these uncertainties 
can lead to gross errors in DECT inversion. The prob-
lem is thus treated here in full detail by examining the 
roles of coherent, incoherent scattering, photoelectric 
absorption and the effect of the source spectrum. While 
G. Landry et.al [34] used the ratio [HU(80)/HU(140)] to 
obtain the quantities (ρe, Zeff), accurate DECT inversion 
must be based on Eq. (20) given in this paper, where 
the coefficients in the equations take the CT scanners’ 
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source spectrum into account. Since these coefficients 
are not known and the CT machine simply gives us the 
HU values, it is necessary to determine them empiri-
cally or compute them from the different effective ener-
gies that can be calculated, provided the details of the 
source spectrum are given by the manufacturer. In the 
work that we will communicate soon, we have experi-
mentally determined these coefficients from which the  
(ρe, Zeff) are accurately determined.

5. Conclusion

The above investigations show that the exponent y is 
energy dependent and it decreases as the energy range 
of the x-ray photons increases. For the range of ener-
gy between 8 to 80keV, the value of the exponent y  is 
equal to 2.9951, which is very close to the value of 3.0 
that is used in the literature and to the value y=3.006 
which we had found in Ref [29]. The present value is 
more acceptable, since it is the optimum one, selected 
after checking the accuracy with different E0 values. 
These values x=2.30 and y = 2.9951 are the optimum 
values that can be used for different studies in which the 
attenuation coefficient comes into play. This is so, since 
for diagnostic purposes the x-ray sources are operated 
at voltages less than 140 kVp and the major component 
of photons lie in the energy range below 80 keV. On 
increasing the excitation voltage of the x-ray tube and 
enhancing filtration of the low energy part, the effective 
energy of the photons increases and the effective pho-
toelectric exponent y also decreases. These properties 
of the various parameters of the system are contained 
in the results depicted in Figures 5, 6 and 7 which can 
be used as inputs for inversion of DECT data, where the 
aim of the inversion is to determine (ρe , Zeff

x) for the 
purpose of chemical characterization of hidden objects  
by non-invasive testing.
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